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Abstract

Two hierarchies of ordinary differential equations are presented. Relations between them are given. Rational and special
solutions of one hierarchy are found. €©) 1999 Elsevier Science B.V.
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1. Introduction

In the recent papers [ 1-3] we have made an attempt
to solve the problem of the definition of new func-
tions except the Painlevé transcendents which are de-
termined by nonlinear ordinary differential equations.
There are a few approaches to look for the equations
which have transcendents but we used the simplest
one based on the application of the Painlevé conjec-
ture by Ablowitz, Ramani and Segur [4,5]. Usually
this conjecture is used as the Painlevé ODE test: if a
given partial differential equation is reducible to an or-
dinary differential equation not of Painlevé type then
the Painlevé ODE test predicts the partial differential
equation is not complete integrable [4.5]. However,
on the other hand, using the integrable partial differ-
ential equation by reduction one can obtain an ODE
having the Painlevé property. Thus, one can look for
ODEs that can have as solutions the transcendental
functions with respect to constants of integration.

We applied this approach and obtained two hierar-

chies of ODEs which take the form [1]

d"“(u):% (n=1,2,..), (1.1)
and
d n 2
— 4+ 2 }d"(v, — V) —-w=a, (1.2)
dz

where the operator d” in Egs. (1.1) and (1.2) is de-
termined by the Lenard relation

adzd"“ =d", +2ud} + 2u,d",
1
d°=§, d'=u. (1.3)

It should be noted that hierarchies (1.1) and (1.2)
have remarkable properties.

Assuming n = 1, we obtain the first and second
Painlevé equations,

uzz+3u2=%, (1.4)
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Uy, =20 +w+a, (1.5)

from Eqgs. (1.1) and (1.2).
If we take n = 2 in Eqs. (1.1) and (1.2), we will
find the fourth order equation

Ugzs + Su + 10uu,, + 101° = % (1.5)
and
Ugpee = 100%0,, + 10uu§ -6+t a. (1.6)

It is well known that Eqs. (1.4) and (1.5) determine
new type of functions that are the Painlevé transcen-
dents. The question arises as to whether there are new
functions determined by Eqgs. (1.5), (1.6).

We checked Egs. (1.5) and (1.6) by the Painlevé
test and observed these equations pass this [2]. There
are also the Lax pairs for Eqs. (1.1) and (1.2) [2]. 1t
turned out that solutions of Egs. (1.5) and (1.6) are
the essentially transcendental functions with respect
to constants of integration [3].

The aim of this Letter is to introduce two other hier-
archies and to show these ones have similar properties
as Egs. (1.1) and (1.2).

The outline of this work is as follows. Two hierar-
chies that we are going to study are introduced in Sec-
tion 2. Results of the investigation of two fourth order
equations in the Painlevé test are given in Section 3.
The relations between these hierarchies are presented
in Section 4 where we obtain some rational and spe-
cial solutions of one fourth order equation.

2. Hierarchies studied

In order to introduce two integrable hierarchies
of ODEs we use the Caudrey-Dodd-Gibbon and
the Kaup-Kupershmidt equations which take the
form [6-10]

U +0,G,(u)=0 (n=1,2,...) (2.1)
and
a+6H,(a) =0 (n=1,2,...), (2.2)

where operators @, and 0, are determined by formulas

d

= (2.3)

@ =0,=D+2uD +u,, D

and operators G, and H, can be obtained by recursion
relations [9]

Guy2 = J1 (u)O1 (1) G, (24)
and

Hyi2 = 1 (a)62(a)H,, (2.5)
when

Go=1, Gi=ux+iu?, (2.6)
Ho=1, H), =ay,+4ad*. (2.7)

Thus, operators J; and J; are determined by formulas
J=D*+4iD*WD™" + ID7'uD?
+ %(uZD_l + D"uz) s
D! =/dx, (2.8)
and
J2 = D +3(uD + Du) +2(D*uD~" + D™'uD?)
+8u*D™' + D7'u?). (2.9)

The modified equations for Egs. (2.1) and (2.2) can
be presented in the form

W, + D(D + W)Gu(W, — sW?) =0,
Vi + D(D + V)H,(Vs — IV} =0.

(2.10)
(2.11)

Remark 1. One can note that Eqs. (2.10) and (2.11)
coincide using the variables W = 2V and consequently
we cannot tell these equations apart.

When the Painlevé test is applied to Egs. (2.1) and
(2.2) then the singular manifold equations arise which
can be written as follows [9,10],

Zi+ ZH,({Z;x}) =0, (2.12)
and
@, + D,G,({®;x}) =0, (2.13)

where {Z; x} is the Schwarzian derivative [9]

Zux 322

Z. ZZ_,?' (2.14)

{Z;x}=
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It is easy to see that Eqs. (2.1), (2.2), (2.10), (2.11),
(2.12) and (2.13) admit the group delation and conse-
quently the solutions of these equations can be looked
for as self-similar ones. For example, if we take

Z(x,t) =™/ D7),

z=x[(2n+ 1)¢]~ V@D | (2.15)

then we have the hierarchy of ODEs in the form

e hi({@;2}) — 29, + muep =0, (2.16)

from Eqs. (2.12) where the operator &, is determined
by formulas (2.5), (2.7) and (2.9) corresponding to
the abovementioned operator H,, @, and J; at using
x—z.

By analogy, taking into account the self-similar vari-
ables

@(x,1) = tH D7)

z=x[(2n+ 1)} 71D (2.17)

one can obtain the following hierarchy of ODEs,

V.gn({¥;2}) — 2%, + pa¥ =0, (2.18)

from Eq. (2.13). The operator g, in (2.18) is deter-
mined by operators G,, ®, and J; at x — z.

Assuming m, = 0 in Egs. (2.16) we obtain the
hierarchy of ODEs,

h(F)y=1z, (2.19)
if we take into account
F={g;z}. (2.20)
We have the first Painlevé equation
F, +4F*=¢ (2.21)
from Eqgs. (2.19) atn=1.

One can obtain the fourth order equation
Frz + 12FF, +2F2 + 2F =¢, (2.22)

from hierarchy (2.19) assuming n = 2.

Remark 2. Assuming p, = 0 in Eqgs. (2.18) also
leads to Eq. (2.19) after the change of variables and
consequently we cannot tell these equations apart ei-
ther.

On the other hand, one can see that Eq. (2.22)
differs from Eq. (1.5) considered earlier [1].

Under the action of the operator (¢,) ~'d/dz, the
sequence of ODEs (2.16) becomes

d 1
(d—z- +a)> h, (wz ~ §w2> —zw+B8,=0, (2.23)

if we take into account

= Pz
®:

The hierarchy of ODEs (2.23) is also different from
the sequence of ODEs (1.2) discussed in Ref. [1].
This correspond to the modified equation (2.11) if we
also use the self-similar variables.

At n =1 we also have the fourth order equation

. Ba=my—1. (2.24)

Wy + S0, 0, — Swzwu - Sa)a)g + &’
—zw+ B,=0. (2.25)

It should be noted that Eqgs. (2.19) and (2.23) were
obtained by reduction of integrable partial differen-
tial equations to ODEs and consequently one can
expect that these sequences of ODEs are integrable
ones because these equations have to possess the
Painlevé property in accordance with the conjecture
by Ablowitz, Ramani and Segur. Curiously, there are
two sequences of ODEs (1.1) and (2.19) which give
the first Painlevé equation at n = 1 but certainly these
hierarchies are distinguished in the general case.

3. Painlevé test for Egs. (2.22) and (2.25)

In this section we want to apply the Painlevé test to
Eqgs. (2.22) and (2.25) to determine the behavior of
the movable critical points in their general solutions.

To study these equations we use the Painlevé test
for ODEs presented in Refs. [4,11]. The essence of
this method can be given in several ways.

Let the ordinary differential equation

E(u,z)=0 (3.1)

be given. We keep in mind Egs. (2.22) and (2.25).
In the first place we look for all possible families
of solutions of Eq. (3.1) assuming

Up

el P L (3.2)
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where p is the order of the singularity, zp is a movable

sineularity and ug are constants which can be found
singuianly ang yg are constants wimch c¢an of iocunc

after substitution of (3.2) into Eq. (3.1).

The first necessary condition for the absence of
movable critical singularities is that all p are inte-
gers [11,12].

We take Eq. (2.22) in the following form,
z=0. (3.3)
Substitution of (3.2) into Eq. (3.3) shows this equa-
tion admits two families of solutions with (p,up):
(-2, -12) and (—2 -60).

Tlaino Fa 8 in tha farm
USINE & 4. 25 J i the iorm

5 5 2 5 2
Wy T 50 W — W Wy — 00, + ST

—w+ B, =0, (3.4)

one can obtain this equation has four families of
solutions (p,up): (—1,-4), (—-1,2), (~1,8) and
(—1,—6). It is evident that the first necessary con-
dition for the integrability of Eqgs. (3.3) and (3.4)
holds.

The second necessary condition for the absence
of movable critical points in the general solution of
Eq. (3.1) is that the degree N of Eq. (3.1) is equal
to the amount of the Fuchs indices and all N these
indices of all families are different integers [10,11].

Substituting

~__ M (7 — 70) 7P
u (z—20)9+uj(& 20) (3.5)
into Eq. (3.1) and equating the expression of the one
power of u; to zero we have the polynomial equation
for definition of the Fuchs indices.

Substitution of (3.5) into Eq. (3.3) with ug = —12
and p = —2 gives an equation which has four different
roots: jy =1, jo=3, jy=4 and j; = 8.

Another family of solution of Eq. (3.3) with yy =
—60 and p = —2 leads to an equation which gives the
following Fuchs indices: j, = ~1, j, = -5, j3 = 8 and
Ja=12.

One can see that the second necessary condition for
the solution of Eq. (3.3) also holds.

We now consider the second condition for
Eq. (3.4). Substituting (3.5) into Eq. (3.4) and
equating of the expression of the one power of u; to
zero we obtain the same equation for the Fuchs in-

dices at ug = —4 and at up = 2. This equation has the

fallawing rantc: = 1 4. =7 i —2and ;. — A
TULIVW LILE 1UULS. J] - L, J2 = 4, Jj3 — o aiu jq4 — U,
In the case uy = —6 we obtain an equation which

give the Fuchs indices: j; = —1, j» = -2, j3 = 6 and
Ja =7 and we have a polynomial equation at ug = 8
which has the roots: j; = —1, j» = —7, j3 = 6 and
Ja=12.

These results shows that the second necessary con-

ditiaon for the ahcoancoe Af mavahla Aritical maients s tha
Glidn 1V1 UIv QUdLIIVL UL lllUVaUlC viluval PUII]ID 1 I.llc

general solution of Eq. (3.4) holds as well.

The third necessary condition corresponds to check-
ing the existence of the Laurent series for the solution
of Eq. (3.1).

For the families with positive indices the algorithm
is reduced to substitution of the expression

u=> ui(z —12)"" (3.6)

into Eq. (3.1) and control that u;, (/i are the Fuchs
indices) can be taken as arbitrary constants.

For the family with positive indices of Eq. (3.3)
we have obtained that zg, az, a4 and ag are the arbi-
trary constants in this expansion and the third neces-
sary condition for the family of solution with positive
indices holds.

For the families with positive indices of Eq. (3.4)
we have also found that zo, a;, a3 and ag are the
arbitrary constants and consequently the third nec-
essary condition for the solutions of Eq. (3.4) also
holds. Consequently Eqgs. (2.22) and (2.25) pass the
Painlevé test for the families of solution with positive
indices but we have not investigated the third neces-
sary condition for the families of solutions with the
negative indices because of the length of the calcula-
tions.

4. Rational and special solutions of Eq. (2.25)

In this section we consider the rational and special
solutions of Eq. (2.25).

The modified equation for the Caudrey-Dodd-
Gibbon and the Kaup-Kupershmidt equations is
known to have two different singular manifold equa-
tions [13,14]. Using self-similar solutions (2.15) we
obtain two relations for Eq. (2.25) and Egs. (2.16)
and (2.18). They can be written in the following form,
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d
(I \) z—%w2)—1w+m,,——l
\ G2 /

d

=4 le i ({9:2}) — 20, +mapl,  (4.1)
where
w=2% (4.2)

('S

and

= 1 i["ngn({ipyz})'_z‘pz +p"|,p] f (43)
2¥, dz
where
v
w=——. (4.4)
v,

Taking into account the approach suggested in
Ref. [ 14] for the derivation of the rational and special
solutions for nonlinear partial differential equations
one can obtain the iterative formulas of Weiss [9]
which take the form

Z4
Dy = 22 (45)
and
P
Zirix = —uiz , (4.6)
(pk,x

where Z (x, t) and @( x, t) are solutions of Egs. (2.12)
and (2.13).
Assuming that [15]

Z,(x,0) = "V (2)

=x[(2n+ 1))~/ D (4.7)
Zii (x,1) = MO0 (7)) (4.8)
Di(x,1) = DY (2)
z=x[(2n4+ 1))~/ (4.9)

Doy (x, 1) = P/ () (4.10)

Substitutions of (4.7)-(4.10) into transformations
(4.5) and (4.6) give formulas

4
Vi1, = 2 (4.11)
Cn.z

and
'
Ptz = 17 (4.12)
‘Fk,z
at
pr+3
M, = o P,=2m, +3. (4.13)

L,Uﬂbldﬂlb lVlk dnu I'" ucwrmmcu Dy ormuias (4.13)
correspond to the new values of parameters in
Egs. (2.16) and (2.18).

Relations (4.1), (4.2) and formulas (4.11) and
(4.12) can be used for deriving rational and special
solutions of Eqs. (2.16) and (2.18) and consequently
of Egs. (2.23).

Without loss of generality let us find the rational
and special solutions of Eq. (2.25) using Egs. (2.16)
and (2.18) at n = 1. These equations take the form

o {p: 2} +4{@: 2} ] — 20, + map =0  (4.14)
and
V{2t + {212+ = 0. (4.15)

Solutions of Eq. (2.25) can be obtained by formulas

o Fu
P ' 2y,

= (4.16)
It is clear that we have the simplest solutions ¢y =
Yy = z of Egs. (4.14) and (4.15) at m, = p, = 1
which corresponds to the trivial solution wg = 0 of
Eq. (2.25) at By =0.

Using ¢ and ¥, one can find the rational solutions
of Egs. (4.14) and (4.15) from the iterative formulas

4
@

ni1 =/ >-dz,
“n,z

12

¢k+1=/——,’;—2dz. (4.17)
lpk,z

‘We have

o =322 (mp=2), w(zl)=z7", (4.18)

and

V=127 +36) (pn=95),

w(z,-2)=-2z"". (4.19)
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Further, we obtain

5
27— 144
@2 = 207 (m, =4),
326 -72
=7, 4.2
w(z,3) LT (4.20)
and
Vo= =2 (p=T)
2= 1122 p’l - >
w(z,-3)=-3z"". (4.21)
By analogy one can also find
¢3=2>—504 (m,=5),
w(z,4) =477, (4.22)
z! 27z 10611 3645z
¥y = -
3= 70400 ~ 1600 T 300 ¢ T 354 36)
(pn=11), (4.23)
and

_ 113 _ 252 8 , 5080323 , 256048128 —2
Va= 532 32 T 755 ¢ t 5552

- 9217;?26082—7 (pn=13). (4.24)

Substitutions of (4.23) and (4.24) into (4.16) give
w(z,—5) and w(z, —6).

One can see from (4.13) that the rational solutions
of Eq. (2.25) can be obtained for the all positive and
negative integers of parameter S,

Bp=n, n#*2x3k (k=0,1,2,..). (4.25)

Let now us consider the special solutions of
Eq. (2.25). One can note that we have the first
Painlevé equation,

F,+4F* =z, (4.26)

from Egs. (4.14) and (4.15) at m, = p, = 0 if we
assume

Fzw, - 10’ ={g:z}. (4.27)
Therefore, at given solution of Eq. (4.26) one can
find the special solution w(z, B,) from the Riccatti
equation (4.27) and then one can obtain ¢(z) and
¥ (z) from Egs. (4.16). Using formulas (4.17) one
can have the special solutions of Eq. (2.25) at other

values of parameter 8,. These values of parameter 3,
are determined by formulas

Bn=%+3k (k=0,1,2,..) (4.28)
and
Ba=243k (k=0,1,2,..). (4.29)

Therefore, the rational and special solutions of
Eq. (2.25) can be found for all positive and negative
values of parameter 3, and at half-integers determined
by formula (4.28).

5. Conclusion

We have presented two hierarchies of nonlinear
ordinary differential equations and have considered
some properties of these hierarchies. These hierar-
chies were obtained using the self-similar solutions
of the nonlinear integrable partial differential equa-
tions and consequently by the conjecture of Ablowitz,
Ramani and Segur these hierarchies of ODEs have to
be integrable too. We have considered the application
of the Painlevé test to the fourth order equations of
hierarchies and obtained that the studied equations
pass the Painlevé test. Using the Bicklund transfor-
mations presented in this work for one of the fourth
order equations of the hierarchy some rational and
special solutions were obtained which exist for all
the integers and for some half-integers values of the
parameter of Eq. (2.25).
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