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The familiesof nonlinearequationshavingLax pairshavebeenfoundstartingwith thetruncatedexpansions.Theproperties
of theseequationsarestudied.Thelink is shownbetweentheseequationsandtheLax equations.

1. Introduction 1

u_—z~W(z),W(z)=—~-— (1.2)
ThePainlevétestis oneofthe impressivemethods

for theinvestigationof differentialequations[1]. In (where z0 is constant)acrosssolutions of the fol-
recentyearsit hasbeensuccessfullyappliedbothto lowing linearequations,
integrableequations[1—5]and nonintegrableones N 8
[6—10].The definition of the Painlevépropertyof z~= ~ ~ Zkx ~ (1.3)
partial differential equationsandthe discussionof
many importmentpeculiaritiesrelatingto the Pain- To demonstratethis explicitly we canwrite
levépropertyaregiven in ref. [11]. Whenan equa- 8 N

tionhasthePainlevépropertyonecanconstructauto- u,— ~ a,,(8/ox+u ) ~u
Bäcklundtransformationsby truncatingan expan- X n~O

sion of the solution aboutthe movablesingularity ~ ~ f N

manifoldat theconstantlevel term.it is easytover- = ~ L W~z,— n~O i.x)j (1.4)
ify that the so-called truncatedexpansions(auto-
Bäcklundtransformations)play a specialrole in the taking into accountthe expression
investigationof the equations. WZk = (O/Ox+u )k_ ‘u. (1.5)

Recently [12] we usedthe truncatedexpansions
to constructthe family of partial differential equa- Apparently the family of equations(1.1) doesnot
tionswith solutionshaving movablefirst-order sin- containthe modified Korteweg—deVries (MKdV)
gulanties.Thefamily of integrableequationsthatwas equation.However,it is well knownthat the MKdV
obtainedin ref. [121 hasthe form equationhassolutionswith movablefirst-ordersin-

gularities [1].
u1 = -~- ( ~ a,,(8/Ox+i~)ni~”~ Usingthe truncatedexpansionswe wantto obtain

Ox \n=o I thefamily of integrableequationsmoregeneralthan
— ( t) (11) (1.1) in this Letter.

a,,— a,, X~ Theoutlineof this Letteris as follows: in section
Solutionsof eqs.(1.1) canbe obtainedby meansof 2 wedescribethe families of equationsstudiedand
the formula giveexamplesofphysicalapplications,we provealso
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two lemmas,which give the basic ideaof our ap- The following lemmasgive the basic idea of our
proach;in section3 we discussthe propertiesof one approach.
of the families; in section4 the Bäcklundtransfor-
mationsof eqs.(1.1) areconsideredandin section Lemma2.1. Let (2.5) bethe transformationwith
5 we deal with spectralandauxiliary problemsfor
our equations;in section6 we find the link between u=z~J2z~, (2.6)
our equationsandthe Lax equations. then

I=u~—u
2=v~—v2 (2.7)

2. The family of equations studied
is the invariantundertransformation(2.5).

In this Letter we aregoing to study thefollowing
Proof We have

family of equations,

u~—u2=— (z~—2vzjw+i’ (2.8)
u~+—(Q~+2uQ)=0, (2.1)

after differentiation of (2.5) with respectto x and
wherea is constant,Q(u, u~ x, t) is a smooth addingu2 to bothsidesof theequality.After thatwe
function of u, u~ x and ~. obtain (2.7) taking into account (2.6).

Amongthebasicequationsoffamily (2.1) wehave

the Burgersequationfor Q=u [13—15],the modi- Remark2.1. Substituting
fled KdV equationfor J= u~—u2 [16], the equation
of filtration of a liquid througha porousmediumfor ur — ~ + ~, V (2.9)

zo+z 2z~Q=um, m>.0 [17—19]and the nonlinearequation
of diffusion for Q=u [20,21]. Laterwe shallshow into (2.7) gives
that the equationsof family (2.1) have inverse
problems. 3z~~+ ~ fz;x}, (2.10)

However,at thebeginningwe considerthe family = — = 2
x Lx

of equations
where {z; x} is the well-known Schwarzianderiva-

ui+~[(O/Ox+2u)G(u~_u2)J=0, (2.2) tive [2].

Lemma2.2. Let (2.5) be thetransformationwith
where G(u~—u2)is an operatoror a smoothfunc- vz~~/2z~,then the equationsof family (2.2) are
tion of u~—u2. Obviously, the family of equations presentedin the form
(2.2) contains the modified KdV equation for
G=u~—u2. u~+~[(o/ax+2u)G(u~_u2)]

For example, we can take the following expres- Ox

sionsfor G in (2.2), a
M 3tm =v

1+—[(O/Ox+2v)G(v~—v
2)]

~ Ym~~(t~x1~2), (2.3) Ox
,,2=0

K +~ [W(z~+2z~G(~{z;x}fl]. (2.11)
G

2= ~
13k(uX—u). (2.4) Ox

k= I

Let us seekfor the solutionsof eqs. (2.2) by using Proof We get (2.11) substituting(2.5) into eqs.
the truncatedexpansionin the form (2.2) and taking into accountinvariant (2.7).

u= —z,~W(z)+v, W(z)= —k-—. (2.5) Wewill useexpression(2.11) for investigatingeqs.
zo + z

(2.2).
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Remark2.2. Wecanuseaninvariantmoregeneral ~ 1 ~
than(2.7), namely ~_(~_-_~_ [zt+2zxJ(~{z;x})])=0 (3.7)

u~—u2+f(x,t)=v~—v2+f(x,t)
substitutingv=z~/2z~into (3.6).

wheref(x, t) is somefunction. In this casethe fam- After this we have from (2.11) the following
ily of integrableequationshascoefficientsdepend- expression,
ing on x and t.

u
1+ ~- [(O/8x+2u)G(u~—u

2)]

3. Thepropertiesof eqs.(2.2) 8 / 1 8 \
~

Let us show that equationsof family (2.2) have (3.8)
Bäcklundtransformationsanalogousto themodified

which provestheorem3.2.
KdV equation.

It is convenientfor us to do this using a few
Remark3.1. Let us denotethe functionof the ye-

theorems.
locity [6]

Theorem3.1. Let v be a solution of the set of C=—z
1/z~ (3.9)

equations .

andthe Schwarzianderivative[2]
z~=2vz~, (3.1) 2

z~ 3 z~
z,+2z~G(v~—v

2)+q(t)(z+z
0)=0, (3.2) S — ~ (3.10)

theneqs.(2.2) arethecompatibilityconditionofeqs. theneqs.(3.4) canbe written as
(3.1), (3.2). Hereq(t) is an arbitrary functionof 1.

C=2G(~S). (3.11)
ProofWe get (2.2) taking into account Thesefunctions C and Sare invariant under the

(3.3) Mobiusgroup [3].
At first glanceit would seemthatall equationsof

family (2.2) havethe Painlevéproperty.In fact,we
Theorem 3.2. Let z(x, t) be a solution of the will havethreearbitraryfunctionsin the expansion

equation ofthe solutionif we takeG = u~— u 2, asfollows from

z~=2zG(~{z;x}), (3.4) (3.8). Otherequationsof family (2.2) canhavea
derivativeof u,~—u

2 with respecttox or I andweob-
then the expressions tam thefull complementof arbitraryfunctionssub-

~ stituting (2.5) into (2.2) becauseof eqs.(2.7) andu= — —~-— + ~-, v= (3.5) (2.8). But the Painlevéproperty requiresthat all
Z

0 + Z ZX ZX movablesingularitiesbe single-valued[4,111.This

allow one to find solution (2.2). is not alwaysthecasefor equationsof family (2.2).
For exampleif we take

ProofThis follows from (2.11) if weshow that

G= ~— (u~—u
2), (3.12)

v,+ - [G~(v~—v2)+2vG(v~—v2)]=0, (3.6) x
x wewill getanequationfrom (2.2) thatdoesnothave

with z(x, t) satisfyingeqs. (3.4). the Painlevéproperty [4,11].
We get Among the equationsof family (2.2) thereare

equationsbothhaving andnothaving the Painlevé
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property. It dependson the form of eqs. (3.4). Proof We obtain (4.5) taking into accounteqs.
(4.3) and (4.4).

Consequence 4.1. Expression (4.4) is a linear
4. The Bäcklundtransformationsfor equationsof

functionof thederivativeZix (1=1 k+ 1) for ~k.
family (1.1)

Proof We haveP0=z~,P1 =

2ZxV+Zxx andgetcon-
Now we consider additional propertiesof eqs. sequence4.1 applying the methodof mathematical

(1.1) in comparisonwith the onesstudiedin ref. induction.
[12].

Wewill seekfor solutionsof eqs. (1.1) in the form We will study the family of equations(1.1) using

(4.5).
UZ~W+V, ~ (4.1)

zo + 2~
Theorem4.1. Let vbe a solution of (1.1), then u

Let the operatorLk be definedby the following givesa solution of (1.1) from (4.1) again,if z(x, I)
expression, is a solution of the linear equation

LkU=(O/OX+U)/~u. (4.2) z
1= ~ ct,,P,,. (4.6)

~~=0
We needthe following statementsnow.

Lemma4.1. Let (4.1) bethetransformation,then ProofThis follows from expression(4.5) directly.

LkuLkv+PkW (k0 N), (4.3) Theorem4.2. Let z(x, t) be a solution of (1.1).

PkZxL~V+(ô/OX+U)Pk_I, (k=l N), then

(4.4) U=Z+ZxW(Z) (4.7)

POZx. will be a solutionofeq. (1.1) too.

Proof If we assumethat v=z andP0=z~,then we
Proof Let us apply the methodof mathematical will get

induction.We have

L°u=u, L°v=v, P0=z~ P~(x+Z
2)~L’Z (4.8)

by definition andwe get (4.3) for kr0. from (4.4) for a,, constants.We have
Let us suggestthat m=k in eq. (4.3), then

L’~’ (n=l N) (4.9)

Lm±Iu=~~~~Lmu+uLmu OX
Ox

usingthe methodof mathematicalinduction.
is transformedto eq. (4.3) for k—m+1. We find from (4.5)

Ou ~ N
Lemma4.2. Let (4.1) bethetransformation,then — > a,,L~u

eqs.(1.1) arepresentedin the form

Ou ~ N Ov ~ N = 1+ W z~—— ~ anLnz) (4.10)( a )( ~N
~ a,,L u=~-—~— a,,L~u Ox

Ot Ox,,
0

n=o
N taking into account (4.9).

+ ~FW(z,_ ~a,,P,, ) I. (4.5) This provestheorem4.2.
Ox[ \ n=o
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Theorem4.3. Equations(1.1) havethe Painlevé v_( 22Q 2AQ_(Qx+2UQ))
property. — —2.~~.Q—(Q~+2uQ) —2AQ

(5.10)
ProofThis follows from (4.5).

assuming

B=—(Q~+2uQ), (5.11)
5. Isospectralproblemsfor the equationsof family
(2.1) A=2).Q, (5.12)

in (5.7), (5.8).
Above we obtainedthat someequationsof fami- Thismeansthateqs.(1.1), (2.2) haveisospectral

lies (1.1), (2.2) havethePainlevéproperty.Wehave problems(5.1), (5.2) and (5.9), (5.10) too.
to remarkthat all theseequationsare containedin
thefamily of equations(2.1).It is known, that if an
equationpossessesthePainlevépropertyit is indeed

6. Link betweenthe equationsof family (2.2) andintegrable,i.e. the Painlevétestis a sufficient con-
theLax equations

ditionfor integrability [7]. Below weattemptto find
isospectralproblemsfor our equations.

Considerthespectralandauxiliaryproblems[16] It is well known that the Miura transformation
[22]

w~=Uw, (5.1)
w=ux—u2 (6.1)

(5.2)
allows oneto find solutionsoftheKorteweg—deYries

where
equationusingsolutionsof the modifiedKdV equa-

(5.3) tion, which follows from the equality

\W21 co
1—6ww~+w~~~

and thematricesU and Varepresentedin the form = — (O/äx—2u)(u,— 6u
2u~+u~~). (6.2)

f—A. u A. B+A” Let us showthat theMiura transformation(6.1) is~). ~ _A)~ ~ the link betweensolutionsof eqs. (2.2) andthe so-

lutions of the Lax equationsThen(5.1), (5.2) maybe presentedin the form of
the zero-curvatureequation w,+ ~ + 4WGr+ 2w~G=0,

U,V~+UVVU0. (5.5) G=G(a,w~,...). (6.3)

We find the conditionsfrom (5.5) taking into ac-
count (5.4), Theorem6.1. Let u bea solution ofeq.(2.2),then

(5.6) (6.1) givesthe solution w of eq. (6.3).

A~+2uA= — 2AB, (5.7) ProofThe statementfollows from the expression

u,B~=0. (5.8) w
1+G~~+4wG~+2w~G=(—2u+8/8x)

We obtain that (5.1), (5.2) are the spectralprob-
lemsfor the equationsof family (2.1), if the matri- x(u:+ [G~+2uG(u~ u2)]). (6.4)
cesU and V havethe form

We have
/ —A. u—2\

U=~~ A )~ (5.9) w=~{z;x} (6.5)

taking into account invariant (2.7).
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Theorem6.2. Let z(x, t) bea solution of eq.(3.4), Thisequationis the compatibility conditionof the
then (6.5) gives the solution of eqs.(6.3). functions C and S [61.

Proof The statementfollows from the expression
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