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Thesingularmanifoldequationsareusedto seekthesolutionsof nonlinearpartialdifferentialequations.Specialsolutionsof
theseequationsareobtained.IntegrableequationshavingthePainlevépropertyarepresented.

1. Introduction ~ / N

u=~_(,,~an(ô/ôx_uY’u)~ (1.3)
Theapplicationof thePainlevétestto investigate X ~= i

partial differential equationsis well-known (seefor wherea~(x,t) are coefficients.
examplerefs. [1—61).Thedefinitionof thePainlevé Solutionsof eqs. (1.3) can be obtained by the
propertyof partial differentialequationsanda dis- formula
cussionof importantpeculiaritiesof it are givenin
ref. [2]. ~ , (1.4)

Recentlywemadeanattemptto constructthepar- Z0 +Z
tial differentialequationshaving the Painlevéprop- if Z(x, t) satisfiesthe linearequation
erty [71.As a startingpoint for ourpurposewehave
usedthetruncatedexpansionofthesolutions.In this N ô ‘~Z

Zt= L ~ Z,,=—. (1.5)
approachwe havesupposedthat somepartial dif- ‘ 8x’~
ferentialequationsof evolutiontype

Thisfollows from the equality
(1.1) ô N

havesolutionsin the form of the truncatedexpan- U~—~ an(ô/ôx_u)nu)
sions (auto-Bäcklundtransformations)

u=_z~w+v, =_~[w(z~_~an~n+ix)]. (1.6)

w= 1 Z=Z(x, t) , (1.2) Elsewhere [8] we have consideredthe following
Zo +Z family of partial differential equations,

whereu(x, t) andv(x, t) are solutionsof eq. (1.1),
Z(x, t) is a new function and Z0 is an arbitrary U~+ [(a/8~+2u)G(~~—~

2)]O, (1.7)
constant.

Assumingv= 0 in eq.(1.2) wehaveidentifiedthe whereG ( u~—u2) is a smoothfunction or operator
following family ol integrablepartial differential of u~—u2.
equalions, Among thebasicequationsoffamily (1.7) we have
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the modified Korteweg—de Vries equation for
w1+G~+2w~G+4wG~=(0/8x—2u)

G=u~—u
2.

Assuming in eq. (1.2) x(ut+ ~— (8/ax+2u)G(uX_u2)). (1.17)

zXX
v= —, (1.8) Clearly if u is a solution of (1.17), then w, defined

by eq. (1.16), is a solution of eq. (1.15).
we get the following equality, Takingintoaccount(1.11),(1.13) and(1.17) we

get
w=u~—u2=v~—v2=~{Z;x}, (1.9)

W
1+G~+2w~G+4coG~where {Z; x} is the Schwarzian derivative [9]

(2zxw
~

{Zx} z 3~2 = —XXX ~XX (1.10) Z,, — ôx) ôx\ 24 ox
Z. - 2 Z~

X[Z1+2Z~G(~{Z;x})]. (1.18)
The solutionof eqs. (1.7) canbeobtainedby using
the formulas Note thateq. (1.12) canbe presentedin the form

Z. Z~, Z~ C=2G(~S), (1.19)
~ v=~—, (1.11) ifwe denote [4,5]

if Z(x, t) is the solutionof the following equations,
C= — ~—, w= ~S, S={Z; x}. (1.20)

Z,+2ZXG(~{Z;x})=0. (1.12)

This follows from the equalities Substitutionof (1.19) and(1.20) into (1.18) gives

+~—

u1+_[(8/8x+2u)G(u~_u2)] S1+2G~+2GS~+4SG~2(~4 2Z.,cW~

8 w 1 0\ o (w_.~)z~[c_2G(~s)]. (1.21)

— Ox( _~x)t+24G(Z~}~ X~—~

(1.13) ThefunctionsCandSareknown tobeinvariantun-derthe Möbiusgroup [9].
v1+ [(818X+2v)G(VX—V

2)] Let eq. (1.19) hold, thenwe obtain from (1.21)

18(1 8
= ~ [Zz+2zxG(~{z;x})]). St+C~+CSX+2SCX=0. (1.22)

Equality (1.21) also explains why the Painlevé—
(1~.14) Bäcklundequationsthat ariseon applicationof the

Let us takethe well-knownfamily of Lax equations singularmanifold method are invariant underthe
Möbiusgroup [4,9].[10], The outlineof this Letteris asfollows: in section

w
1 + GXXX+ 2WXG + 4wG~= 0, 2 we discussintegrableequationsoffamily (1.7);in

section3 weseekspecialsolutionsof eqs.(1.7) and
G=G(W,WX,...), (1.15) someequationsclosetothem;insections4 and5 our

andthe Miura transformation[11], approachis generalizedto someequationsin 2 + 1
dimension.

W=u~—U
2, (1.16)

thensubstitutionof (1.16) into (1.15) showsthat
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2. Integrable equationsof family (1.7) thattheseequationswill identicallypossessthePain-
levé property when there exists a transformation

The equations of family (1.7) seem to have the ~ — m (2 7)
Painlevéproperty. In fact, we get three arbitrary X~~X

functionsin the expansionof the solution of eqs. wherem is rationalandnegativeand~ alsosatisfies
(1.7) at G=u~—u2.Otherequationsoffamily (1.7) anequation(1.12).HefoundsomeformsG(W) that
canhavederivativesof U,, — u2 andasa consequence give integrablepartial differentialequationsof fam-
additionalarbitraryfunctionsbecauseof the invar- ilies (1.7) and(1.15). In particulareqs. (1.7) and
iant (1.9). But the Painlevépropertyrequiresthat (1.15) havethe Painlevépropertywhenthe G(w)
all movablesingularitiesof the solution be single- areof the form
valued [2]. Thisbreaksdownfora numberofequa- G(W)—~W + ~W2 (2 8)
tions of family (1.7). — 2 XX 4

For example if we take in (1.7) G( W) = ~W~+ ~W2, (2.9)

G= (u~—u2) , (2.1) G(W)=~WXX+2W2. (2.10)
X In case(2.8),eq. (1.15)is thefirst higher-orderKdV

we will get an equationnot having the Painlevé equation.Expressions(2.9) and(2.10) give theKu-
property[12]. But wewill showlaterthat thisequa- pershmidtandCaudrey—Dodd—Gibbonequations.
tion hasspecialsolutions. The dual invariance of the integrableequations

To investigatethePainlevépropertyfor eqs.(1.7) (1.12) allows one to find rational solutionsof eqs.
we canuse eqs.(1.12) for the functionZ(x, t). (1.7) and (1.15) usingthe discretesymmetriesas

For G a functionof w theseequationswerecon- describedin ref. [121.
sideredin ref. [13] usingthe propertiesof symme- Weisshasobtainedthefollowing rationalsolutions,
tries. It turnedout that eqs. (1.12) are integrable, z, =.~ (2.11)
whenG takesthe form

Z
2=x

3+121, (2.12)
G(w)=C

1+C2oi, (2.2)
Z3=(x

6+60x3t+C
1x—720 t

2)/x (2.13)
G(w)=C

1 —~(C2W+C3)
2, (2.3)

of the equation

C
2+2C3W (2.4) 3Z

2
2~,J~+C

2W+Csw2’ Z1+Z~—-~-~=0, (2.14)

whereC1, C2, C3 andC4 are arbitraryconstants. .

Substitutionof (2.2) into (1.7) gives the modi- usingthe iterative formula [12]
fled Korteweg—deVries equation. OZ,,.11 —1 2 2 15

AssumingC1 = 0, C3= 0, C2= ~in (2.3) weget the Ox = (n — ~...). (

following integrable equations from (1.7) and
(1.15), Substituting(2.ll)—(2.l3) into eqs.(1.11) we find

rationalsolutionsof themodifiedKorteweg—deYries
~ (2.5) equation.

Ox Using this approachone can seekrational solu-
(1)~+(W

2)XXX+2WXW2+4W(W2)X=0. (2.6) tions of the othermodifiedequationsas well.

Takinginto accountexpressions(2.3), (2.4)we can
find also other integrableequationsfrom (1.7) and 3. Specialsolutionsof eqs.(1.7)
(1.15). To obtain solutionsof theseequationsit is
necessaryto useeqs.(1.9), (1.11) andsolutionsof It is convenientto usethesingularmanifoldequa-
eqs. (1.12). tions (1.12) for obtainingspecialsolutionsof eqs.

Weiss [12] hasstudiedeqs. (1.12) on the basis (1.7).
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Let us consider the solitary wave solution of these where a is an arbitraryconstant.
equations, This equation is obtained from (3.8) for

G=UX—u2 and Q=—a(8/8x)(u~—u2).The over-
Z(x, t) =Z(c~), ~=x—C

0t. (3.1) determinedsetof equations(3.9), (3.10) in this case
Wethen get has the form

G(1{Z;c~})=~Co (3.2) 3Z
2

Z
1+Z —a —0 (3.12)XXX 2Z —

from (1.12). x

Assumingthat -~-{Z;x}=0. (3.13)

{Z;~}=—2k
2, (3.3) Ox

where k is an arbitraryconstant,wehave The solution of this set of equationsis expressedin
terms of function (3.7).

C
0=2G(—k

2). (3.4) For a second examplelet us takethe equation

Solvingeq. (3.3)weget uI+-~_[(u2)X_2u3]=o. (3.14)

v=~~=—ktanh(k~+9~
0), (3.5) Ox

2Z~ Thisequationis frequentlyreferredto astheporous

Z(~)=b—atanh(k~+çoo), (3.6) mediaequation[14—16].It coincideswitheq. (3.8)
if we supposeG=UX—u

2 and Q=—(82/8x2)(UX
where~, aand b are arbitraryconstants.

Substitutionof (3.5) and (3.6) into (1.11) gives Theoverdeterminedset of equations(3.9), (3.10)
solutionsof eqs. (1.7) in the form in this casehasthe form

___________ 3Z2aktanh(k~+~
0)—ktanh(k~+~~o).(3.7) z1+z~U=atanh(k~+~,)b —~=0, (3.15)

In the case of the concrete function G(0)) one can 82
find othersolutionsofeqs. (1.7). Forexampleifwe ~ {Z; x}=0. (3.16)
take for G(W) eq. (2.1) then we will get thesolution
of eq. (1.7) in termsof the standardAiry function. Let us lookfor solutionsof the set (3.15), (3.16) as

Note that using this approachonecanobtaina ~ the self-similarsolutions
lution of equations moregeneralthaneqs.(1.7). Z(x, t)=Z(~9), i3=x/t”

3. (3.17)
Let us considerthe following equations,

We thenget from (3.15) and(3.16)

u
1+ [(8/8x+2u)G(UX—u

2)] {Z;8}=~t3. (3.18)

+Q(UX—u2)=0, (3.8) The solutionof this equationtakesthe form

whereQ is a smooth function or operator of UX~u2. 0
One can seek solutions of theseequationsas so- Z(~3)=C

1J W(~)
2d~, (3.19)

lutions of the overdeterminedset of equations o

Z
1+2Z~G(~{Z;x})=0, (3.9) where

Q(~{Z;x})=0. (3.10) =C2Ai(~â)+C3Bi(~O). (3.20)

Forexamplelet us find a solutionof the generalized C1, C2, C3 are arbitraryconstants,Ai (y) andBi(y)
Burgers—Korteweg—deYries equation, are the Airy functions.

u1 +2auuX—6u
2uX+UXXX =auXX, (3.11) Thesolutionof eq. (3.14) canbepresentedin the

form
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0

~= ~[~(c~— $ W(~)2d~)] We canwrite the following expression,
o UX—U—OUY=(—ZXX+2VZX+ZY)W

— —j~-
3~lnW, (3.21) +v~—v

2—O’v~. (4.5)
Assuming

whereC
1 andC4 are arbitraryconstants. ZXX ZY

v=~-—~- (4.6)

4. Integrable equationsin 2+1 dimension in eq. (4.5) we get the invariant
I=u~—u

2—8‘u,, =v~—v2—8~ (4.7)
It is easyto seethat the family of equations(1.7)

canbegeneralizedfor equationsin 2 + 1 dimension. if wetakethe transformation(4.6) and
This goal can be achieved if we assume in (1.2) that z. ZXX Z~
Z=Z(x, y, t), then we will have v=v(x, y, I) and U z

0+z+ ~ — ~. (4.8)
u=u(x, y, t). The invariant0) also has a y-depen-
dence in this case. Substituting(4.6) or (4.8) into eq. (4.7) we have

Letustake a
I=~{Z;x}

G=8~W~+yW,W—U~—U
2,

4z2~(zy/Zx)

X ~ (4.9)

8
1W~ J 0)y d~, (4.1) It is obviousthat I is invariant underthe Möbius

0

group. From (1.2) we can also obtainthe following
wherey is a constant,theneq. (1.7) hasthe form equality,

ut+UXXY—2uX8uY—4uuY+y(UXXX—6uuX) (8/8y—8~uY)u=(vZY—ZXY+ZX8~vY)W

=0. (4.2) +(8/8y—8~v~)v. (4.10)

Substitutionof eq. (4.1) into eq. (1.15) gives the Takingintoaccounteqs.(1.2), (4.7)and(4.10) we
equation havethe modified Kadomtsev—Petviashviliequa-

tion [19,20]
W

1 +W~+4WW~,+
2WXO WY+YWXXX+6YWXW

18
=0. (4.3)

Equations (4.2) and (4.3) have been used to de- 3
scribetheinteractionof a Riemannwavewith a long + 1—0. (4.11)
wave [17]. It is obviousthat eq. (4.2) is the mod-
ified equationof (4.3). TheseequationshaveLax This equationcanbe obtainedby consideringthe
pairsandcanbe solvedby meansof theinversescat- following equality,
tering transform. They also have exact solutions, 1 8
which are expressedin termsof the Weierstrassel- U

1 ~ [(8/8x+2u)I+4(8/8y8~u~)u]+~1~
liptic function.

Nowlet us show that the Kadomtsev—Petviashvili — 8 [W(Z1—~ZXI+vZy—ZXY+Zx8 ‘vp) I
equation [18] canbe obtainedusingan analogous — — Ox
approach.

Takinginto accountthetruncatedexpansion(1.2) +v, — ~ [(8/8x+2v)I+4(8/8y—8 — ‘v~)vJ
at Z=Z(x, y, I) we have

8 ~u~= —Z~W+8~ J~. (4.4) +
1I~. (4.12)
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Theorem4.1. Theconditionof compatibilityof the eq. (4.20) can be obtainedfrom eqs. (4.7) and
set of linear equations (4.11).

ZY=ZXX—2vZX, (4.13)

Z,—~ZXI+ZYv+8~vYZX—ZXY=0, (4.14) 5. Burgersequationsin 2+1 dimension

giveseq. (4.11). We will construct these equationsby using the

truncatedexpansionin the form [21,221ProofThis follows from the equality

U=ZXW~ w= Z=Z(x,y,t). (5.1)

We haveTheorem4.2. Let Z(x, y, t) be a solution of the
equation Zk,XW=(8/8x+u)k_iu (k=l,...,K) , (5.2)

—
4ZX{z; x}— — ~ZX8 ‘(ZY/ZX)Y Z~W=(8/8x+8~u~)m_i8—‘up

8ZX (n=l,...,N), (5.3)

(4.15)
Zm,y,k,xW(8/8X+8~Uy)m(8/8X+UY~~U

thenthe expressions
(m=0, ..., M) , (5.4)

Zx ZXX Zy
(4.16) where

U=_ Zo+Z+ ~ -

8 m+kZ0 kZ ____

(5.5)or Zk,X= ~ Zm,y,k,X= 8ymOx~

ZXX 4
(4.17) Theseformulas can be provedby the method of— mathematicalinduction [7].

allow one to find the solutions of eq. (4.11). Taking into accountequalities(5.2)—(5.4)we can
write the family of equations

Proof Thisfollows from the equality 8 f K )
u,=—( ~ ak(8/Ox-Fu)u

Ox \k 1
18

u1—-- [(0/8x+2u)I+4(8/8y—8~u~)u]+~I~ + ~ fi~(O/8y+8_1u~)01u~)

Ox
1 8

M K
2Z~8x] + 8 ~ Yrnk(

8/8~8~4)m

Ox \m=O k=i

X(ZI—~ZXI+ZYv+8~VYZX—ZXY). (4.18)

By applying the Miura operator X (OIOx+u)k_lu), (5.6)

—2u—8~ (4.19) whereak, fi~andYmk are coefficientsof eqs.(5.6).
Ox Substitutionof eqs. (5.2), (5.3) and

to eq. (4.11) we get the Kadomtsev—Petviashvili a
equation u

1= — — (Z1 W)
Ox

I(—~IXXX—~IIX—~8’IyY=0. (4.20)
into (5.6) showsthat the solutionsof eq. (5.6) can

Onecanlookfor thesolutionsof eq. (4.20) usingeq. be obtainedby formula (5.1) if Z(x, y, t) satisfies
(4.9) andsolutionsof eq. (4.15).TheLax pair for the equation
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