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Thispaperdealswith theexaminationofnonlinearpartialdifferentialequationswith solutionswhichhavemovablesingulari-
tiesof firstorder.Multi-phaseandrationalsolutionsofthefamily of nonintegrableequationsaredemonstrated.Theequations
canbeintegrablein othercasesdependingon thecorrelationsof thecoefficientsof theseequations.

1. Introduction
N M

u~=~ cx~L~u+u~ flmL
tmU, (2.1)

n=0 m~O
Oneof theimpressivemethodsfor the investiga-

tion of nonlinearpartialdifferentialequationsis the where the operatorL”is definedby the following
applicationof the Painlevétest [1]. This approach expression,
hasbeenappliedboth for integrableandsomenon-
integrableequations.As a rule it hasbeenusedfor L”u= (ô/ôx+u)~u, (2.2)
the investigationof concretenonlinearpartial dif- a~and/Jm are the coefficientsof eqs.(2.1).
ferentialequations.However,Weisshasconsidered Note that the Newell—Whitehead [3], Burgers
the integrabilityof families of nonlinearpartial dif- [4,5], generalizedFisher [6,71equationsandothers
ferentialequationshaving solutionswith second-or- are particularcasesof (2.1).
dersingularities[2]. In thisLetterweattempttouse In factwehaveforN= 2 andM= 1 thegeneralized
the Painlevépropertyto constructthe family of the Fisherequation [61
partial differential equations having first-order
singularities. u,=a

0u+ (a1 +fl0)u
2+ (a

2 +fi1)u
3

The outlineof this Letter is asfollows: in section
+a

1u~+a2u~+(3a2+fi1)uu~. (2.3)
2 we describethe family of equationsstudiedand
provean importantlemma; in section3 we discuss WecanobtaintheNewell—Whiteheadequationfrom
theformsofthe solutionsof the family of equations; eq. (2.3),
in section4 wegive thesolutionsof thesecond-order
partial differentialequationswhich form our family U, = a0u — 2a2u

3+ a
2 u~, (2.4)

of equations,andin section5 wediscussourresults.
iffl0=—a1=O andfl1=—3a2.

We get the Burgersequationfrom eq. (2.3),
u,=2a2uu~+a2u~, (2.5)

2. Thefamily of equationsstudied

in the casea0=a1=fl0=a2+fi1=O.
Let usconsiderthe following family of partialdif- AssumingN= 3 andM= 2 in eq. (2.1) gives the

ferentialequations, generalizedKorteweg—deVriesequationin theform
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4 N Mut=aou+(ai+flo)u
2+(a

2+fli)u
3+(a

3+p2)u U,— ~ a~L~u—u~
n=0 m=0+aiU~+a2U~+a3u~+(3a2+I32)uu~ ( N+(

4a3+fl2)uU~+(3fl
2+6a3)u

2UX+3a
3u~. = ~,— ~

(2.6) ~~=0

MWe needthe following statement. ( ~ PmZm+i,x)W~ (2.14)

m~0

Lemma2.1. Let
aftersubstitutionof (2.9) and (2.13) into (2.1).

U=z~w(z), z=z(x,t) (2.7) Wewill useexpression(2.14)fortheinvestigation

and of eqs. (2.1).

= — W
2, (2.8) Remark2.1. Thesolutionof eq.(2.8) hastheform

dz 1
W(z)=—. (2.15)

then Zo+Z

Zm,xW(Z)=(8/ôX+U)m~U (m=l, ...,M), Thereforewe obtain

(2.9)
(2.16)

whereZm,x is the mth order derivativewith respect Zo + Z’

to x, z(x, t) is a newfunction. taking into accounteqs. (2.7) and (2.15).

It follows from (2.16) now thatu(x, t) hasmov-
ProofWe apply the methodof mathematicalin- ablesingularitiesat z

0+ z(x, t) = 0.
duction.In factwe haveby definition

z~W(z)=u=(ô/ôx+U)°u. (2.10)
3. Multi-phase andrationalsolutions of the family

Then of equations(2.1)
z~W=(8/ôx+U)u

Let us considerthe solutions of eqs. (2.1) for
afterdifferentiationof eq. (2.10) with respectto x. M=N—l (this value was chosenfor the sakeof

Let ussuggestthat m= k in eq. (2.9),then convenience).
We will denotefurther

dW
zk+l,xw~[(o/8x+u)ktu]_zk,xzx~~ yk=ao, k=0,

(2.11) ak+Pk_1, k=l,...,N. (3.1)

andeq. (2.11) is transformedto the equation Wesupposein thisLetterthatthecoefficientsa,.and

Zk+1xW(8/oX+U)
1CU, (2.12) fik in eq. (2.1) are constants.We hopeto consider

thecasewhena,,and/3k dependonx andtin another
taking into accounteqs.(2.7) and (2.8). paper.

This expressionproveslemma2.1.
Definition 3.1. We will call the solutions (2.16)

We have theN-phasesolutionsof eqs.(2.1), if z(x, t) hasthe
form

u,=z~,W—z,~zW2 (2.13)
N

taking into account(2.7). z(x, t)=C
0+ (3.2)

We obtain
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where tk andIc,,, arethe constantsto be determined,
C,,, (k=0, ..., N) are arbitraryconstants. Wk(t)=Ckexp(—,ckt), (3.10)

N

Theorem3.1. If the valuesof the coefficientsa,,, lCk = ~ Pm(.‘~k)m+ i (k= 0, ..., N) (3.11)m=O

and,8k in eqs.(2.1) are suchthat the equation

N from eq. (3.9).
~ Yk~. = 0 (3.3) Thedependences(3.8) and(3.10) provetheorem

k=O 3.1.

hasN+ 1 different roots 2k (k=0, ..., N), theneq.
(2.1) hasN-phasesolutionsin the form (2.16). Definition 3.2. Solutions(2.16) will be calledra-

tionalsolutionsof the family of equations(2.1) if
Proof For eqs. (2.1) we havefrom (2.14) z(x, t) in (2.16) hasthe form of an Nth poweral-

gebraicpolynomial in the variablesx andt having
/ N

z.,,,,_ ~ anzn+i,x) N+l constants.
\. n=0

Theorem3.2. If the valuesof the coefficientsak

zxw2(
N—i— Zt+ ~ Prn~m+i,x)=0. (3.4) andfik in eqs.(2.1) are suchthat y,.=0 (k=0,N— 1), but YN~°, theneqs.(2.1) havetherational
m=O

solutions (2.16).
Eq. (3.4) is satisfiedif

N ProofOne canobtain theequation
~ a~z~+

1,,,=0 (3.5)
n=O ZN+i,~=O, (3.12)

and takingintoaccounttheconditionsofthetheoremand

N—i eq. (3.7).
Zt + ~ PmZm+ i,~= 0. (3.6) Thegeneralsolutionof this equationhastheform

m=O

Oneobtains z(x,t)=~o(t)+x9’1(t)+...+x~9N(t). (3.13)

N Substitutionof (3.13) in (3.6) gives thefollowing
~ y~z~~~=O (3.7) equationfor9~~(t)(n=0,...,N),

k= 0
N—n—i

from eqs.(3.5) and (3.6), wherey,, are the coeffi- q’n + ~ fl~(k+n+1 )!~k+n+1 (n=0, ...,N— 1),
cients (3.1). k=0

Itisknownthateq. (3.7) hasN+l independent (DN=CN, (3.14)
solutionsif the polynomialequation(3.3) hasN+ 1
differentroots.Let usdenotetheserootsas~.k: ‘~o=°~ whereCN is an arbitraryconstant.
2,,�0 (k= 1, ..., N), thenthe generalsolutionof eq. Thedependencesci,,,(t) in thefromofpolynomials
(3.7) is in t canbe foundfrom (3.14).

N

z(x, t)=Wo(t) + ~ w~(t)exp(
2kx). (3.8) Definition 3.3. Thesolutions(2.14) will be called

k= i combinedsolutionsofthe family ofequations(2.1)
if z(x, t) is a polynomial in Ckexp(,%,~x—,ckt)and

Substitutionof (3.8) into (3.6) gives the following Cm(2mXKmt).
equationsfor Wk(t) (k=0, ..., N),

N Theorem3.3. If the valuesof the coefficientsa,,,
Y1k+ Wk ~ tim (~k)m~ (k 0, ..., N). (3.9) and13k in thefamily of equations(2.1) are suchthat

m=O
eq. (3.3) has multiple roots theneqs. (2.1) have

Onefinds combinedsolutions.
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ProofWearriveat thisstatementby analyzingthe Equation(3.16) isthe Burgersequationfora1= 0.
solutionsof theordinarydifferentialequations(3.7) It is well known that the solutionsof this equation
andsolving eq. (3.6) underthe conditionsof this are definedaftersolvingthe linearheatequationby
theorem. meansof the Cole—Hopftransformation[4,5]. The

solution of eqs. (3.18) and (3.19) can be obtained
Definition 3.4. Equations (2.1) will be calledin- usingexpression(2.16) andthe solutionsof thefol-

tegrableequations,if their solutions (2.16) are ex- lowing linearpartial differential equations,
pressedas solutionsof the linearpartialdifferential

(3.20)
equations (3.6).

~ (3.21)
Theorem3.4. If the values of coefficientsak and

fl,.in eqs. (2.1)aresuchthatyk=0 (k=0,...,N)then Remark3.2. The compatibilityconditionsof the
eqs. (2.1) will be integrableequations. two linearequations(3.5) and (3.6) are equivalent

to the statement,that eqs. (2.1) havethe Painlevé
ProofLet a0= 0 andthecoefficientsakand

13k in
eqs.(2.1) satisfytheconditionsak-FPk_~=0 (k= 1, property [11. Equations(2.1) havethe conditional

Painlevépropertyif ak+ Pk_ ~ 0 (k= 1, ..., N).
N) theneq. (3.5) is a consequenceof eq. (3.6).

In thiscasethesolutionsof eqs.(2.1) aredefinedby Remark3.3. Onecanobtainthe moregeneralin-
formula (2.16),wherez(x, t) satisfiesa linearpar-

tegrable andnonintegrableequationsthanthefamily
tial differential equation in the form

(2.1) taking u=g(v, x, t) in (2.1), wherethe func-
N tion g(v, x, t) is suchthat g,,#0.

z,= ~ a,,z,,~. (3.15) Theseequationshavethe form

Remark3.1. The integrableequationsof thetype ‘~“~“= a,,(c9/8x+g)~g
(2.1) canbe written in the form M

+E(v,v~,...,x,t)~ IJrn(O/ôx+g)mg, (3.22)
U, ~—(~an(.9/t3x+u)”_’u). (3.16) m=O

whereE(v, v,,,, ..., x, t) is a smoothfunction.

The solutionsof eqs. (3.16) canbe obtainedfrom Onecanobtainthesolutionsvofeqs.(3.22) from
formula (2.16)if z(x, t) satisfieslinearequationsof the expression
the type (3.15).

(3.23)
Thenext integrableequationsof family (2.1) one g( v,x, t) =

getsfor N=2, 3, 4:
if z(x, I) satisfiesthe setof equations

U,=a
1u~+a2U~,,+2a2uu~, (3.17) N

~ ~ (3.24)
U, =a1 ~ n=0

M

+3a3u
2u~+3a

3u~, (3.18) ~ PmZm+I,x0. (3.25)
m=0

U1=a1u~+a2u~~+a3U~+a4u,~~,,+2a2Uu~ Wenotethe result.

+ 3a3uU~,, + 3a,u
2u~+ 3a,u~+ 4cx

4U
3u~

Theorem3.5. The nonintegrablegeneralizedNth
+ 6a

4u
2u,~,,+ 4a

4uu~+12a4UU~ orderequationsof the type (2.1) haveno solutions

+ l0a4u~U~, (3.19) in the form (2.16) with kphases, for k>N.

where the coefficients a,. are constants. ProofThegeneralizedNth orderequationsof the
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type (2.1) canbe obtainedfrom eqs.(3.22).Equa- z(x,t)=C0 + C1 exp{—a0x—[a0fl0+ (a~+b~)fl1]t}
tions (3.22)haveM-phasesolutions(2.16)because
z(x, t) is the solution of eqs. (3.24) and (3.25). xsin[box—bo(flo—2a0fl1)t+C2] (4.6)
However,for theNth orderequationwehaveM~N. in this case,where
All generalized nonintegrable Nth order equations of
the type (2.1) canhaveexactsolutions (2.16)with $0

k~Mphases.Thisprovestheorem3.5. a0= 2(fl~+a2)’

4. Theexactsolutionsof eqs.(2.1) for N=2, M=1 b0=~4ao(fl1+a2)—(flo+a1)
24(fl

1+a2)
2

Let usobtain thesolutionsof eqs.(2.1) for N=2, Case4. (fl
0+a~)

2=4ao(fl~+a
2). We havefrom

M= 1, becausethiscase is one of the simplest. eq. (4.2)
Equation (3.3) turns into the following equation,

fl0 + a1
a02+(a1 +$0)2

2+(a
2+fl1)2

3=0. (4.1) A=0, 2~=22=— 2(fl~+a
2)~ (4.7)

Thereare threeroots of (4.1),
The solutionof eqs. (3.6), (3.7) is

z(x, t)=C0+{C1 +C2[x—(flo+2$111)t]}

$0 + I

21,2= — 2(fi~+a2) xexp[21x—21(fl0+$121)t]. (4.8)

+~J~0(P12)—(P0~1)2 (4.2) Case 5. a0=0.We find from eq. (4.2)
— 4(fl1+a2)

2
fib + a~

fora
1+fi2~0. 2~2~0,

22p+a~ (4.9)
Thereare six casesto be considered.

The solutionof eqs. (3.6), (3.7) takesthe form

Case I. (fl
0+a1)

2>4a
0(fi1+a2). Weget thateq. z(x, t)=c0+C1(x—fi0t)

(2.3) hasthe two-phasesolution (2.16) wherez(x,
t) ~s +C2exp[21x—11(fi0+fi121)t] . (4.10)

z(x,t)=C0+C1 exp[21x—21(fi0+fl121)t] Substitutionof(4.3),(4.5), (4.6), (4.8),and(4.10)
into (2.16) gives two-phaserationalandcombined

+C2exp[22x—22(flo +$122)t] . (4.3) solutionsof eq. (2.3).

Case 2. a0=0,fio= —a1.Wefind from (4.2) that Case 6. a0=a1+fl0=a2+fi1 =0. Equation (2.3)
is integrablein thiscaseandits solutionsare found

2~ 22230. (4.4) by formula (2.16),wherez(x, t) is oneof the linear

Thesolutionz(x, t) of eqs.(3.6), (3.7) takesthe partial differential equationsof secondorder
form z,=a1z~+a2z~~. (4.11)

z(x, t)= C0+ C1[x— (Pb+2fl~C2)t} + C2(xflot)
2. We can considerby analogythe solutionsof the

(4.5) family of equations(2.1) in othercases.
Case3. (flo+a

1)
2<4a

0(fl~+a2).Equation (3.7)

hasthe solution 5. Discussion

The family of equationswhich haveexactsolu-
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