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Somenonlinearnonintegrableequationsofevolution typehavebeeninvestigated.Solutionsof nonlinearequationsfrequently
usedin variousfieldsof physicsareexpressedin termsof thesolutionsof theRiccatiequationandtheequationfor theanhar-
monicoscillator.

1. Introduction expressionsof the samepowersof Ø(x, 1) to zero,
onecanfind the dependencesu~(x,t) on the deny-

Solutionsof somegroup of nonlinearpartial dif- ativesof Ø(x, 1), relation (1.3) beingrepresentedas
ferentialequationsfor two independentvariables,

ôlnØ 2 ä2ln~
~ (1.1) U=Up+~Aeoxjat1_j+~Ak,2_kaxkat2_k+..

canbe representedin termsof the Painlevéexpan- & ln
sions [1] + ~ Aj,p_

1~j~p—I. (1.4)
1=0 uXut

u=Ø(x, t)~ ~ u1(x, t)Ø~, (1.2) HereA~,Ak,2_k, ..., are constants.

Theexpansionsof the solutionsfor the nonlinear
where p is an integer, 0 (x, t) and u~are analytic equations(1.4) arenow well-known. TheCole—Hopf
functions in a neighborhood of the manifold transformationsfor theBurgersequationsandother
Ø(x, t)=O. transformationsfor solutions of (1.4) were effi-

As a rule, theexpansionof thesolutionofeq. (1.1) cientlyusedby Hirota andotherinvestigatorsto find
in termsof (1.2) simplifies the procedureof deny- exactsolutionsfor equationsintegrableby meansof
ing analyticsolutionsof the equationsunderstudy. the inversescatteringtransform [1,4]. However,if
Theexpansion(1.2) allowsone to find the Lax pair thedependenceof u~on thederivativesof Ø(x, t) is
andBäcklund transformations[1] in the equations taken into account in (1.4), then the latter canbe
integrableby meansof the inversescatteringtrans- reducedto
form.Thesameexpansioncanbringaboutsomeex-
actsolutions [2,3] in thecaseof nonintegrableorig- —F C S C S ~ 8ln(Ø/~J~)
inal equations. U~• ( x~ ...)+ ~A1 ox’at

1~
Let usconsideranapplicationof thetruncatedex-

pansion(1.2) whereu
1=O atj>p, i.e., whenthe so- + ~ Ak2_kô 0/

lution of the nonlinearequationscanbe written as k0 ‘ t9X ôt —

(1.3) + ~ ~ (1.5)
1=0 —

Substituting (1.3) into (1.1) and equating the Here
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C= — -~-, S={Ø; x} ~ 3 0~ For a
0=r= 1, it hasa solution transform[7]

=-~---—~-~-, (1.6) alno 8
21n0

andSis the Schwarzianderivative. u=u
3+(l6—a)—————+15a

ox
2

The statementabovecanberigorouslyprovedbut
it is rathercumbersomefor thegeneralclassof equa- +60 831n0 (2.8)

ax3
tions; we shall illustrate our ideaby expandingsome
concreteequationsas examples. andbearingin mindthe dependenceof u,, on thede-

rivatives of Ø(x, t) from ref. [8],

2. Examplesof Painlevé expansionsfor nonlinear u = C+ ~aS+ 1 5S~+‘(7— ~a)2 + 4~(16— a2)Y
nonintegrableequations + 1 5aY~+ 60 Y~. (2.9)

Let us considerexpansionsof the solutions of the Forthe casewhena
0= 24 (thisvaluewaschosenfor

type (1.4) and (1.5) for someequations. the sakeof convenientcalculations)the solutionsof
(1) The Burgers—Korteweg—deVries equationis the generalized Kuramoto—Sivashinskyequation

often usedin the descriptionof wave processesin (2.7) canbe written in the form
dissipative—dispersivesystemsin many areas or
physics. It hasthe form u=u + ~ u= —~a+Y. (2.10)

ax
U, +uu~+/3u,~=vu,,. (2.1)

(3) The Kawacharaequation describingnonlin-
Whenthe solution is soughtin termsof (1.3) then ear wave processesin the dispersivesystem[9,10]
u (x, I) canbe representedas [5]

u, +uu~+u~,=~ (2.11)

U=U2_~~ +l2fl°8~2~. (2.2) hasanexpansion(1.4) and(1.5) atp=4ofthetype
Ox

Takinginto accountthe dependenceof u2 on the de- 280 0
2ln 0 —280 alnØ

U = U
4+

nivatives of Ø(x, t), 13 Ox
2

________ _________ 13 ‘x
U

2 =C+2flS+~v2/f3+~v°ln o~6~a
2ln0~ u=C+~S—~S2—84S,—~+7-~’

ax
—280Y,,~. (2.12)

(2.3)
(4)The Brethertonequation[11]

onecanwrite expression(2.2) in the form u~,+ u,,+ u,~,+ u= a
0u

3, (2.13)

U C+2flS+~v2/fl—~vY+l2f3Y~,, (2.4) for a
0=30 (chosenfor convenience),hasanexpan-

where sion (1.4) atp=2 in the form

C=— -f--, S={Ø;x}= — 3o~ 2amn0 (2.14)(2.5) u_u2~ ax
2

0xx Ox ~

y= -~- in After substitutingthe dependenceof u
2 on the de-(2.6) rivativesof Ø(x, t) into (2.14) onehasax

andS is the Schwarzianderivative. U _~C
2+1) + ~SYx. (2.15)

(2) The generalized Kuramoto—Sivashinsky (5) The equationof thermal conductivity with a
equationis oneof the mainequationsin the physics nonlinearsource,
of unstablesystems[5,6],

u,=uxx+ao+aiu+a
2u

2—2u3, (2.16)
u, +a

0u~u~+u,, +au~,+u,.,,~,=0. (2.7)
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has the following expansionsolutions (1.4) and y,=Cy2—C~y+~(CS+c,~). (3.4)
(1.5),

The proofof the theoremcanbe demonstratedby
0 ln 0

u=u
1 — —~, (2.17) substitutingexpressions(2.5) and(2.6) for Y, Cand

Ox 5 into (3.4).

u=~(C+a2)—Y. (2.18)
Corollary 2. Thekth order derivativesof Ywith

The transformationsgiven in this sectioncanbe respect to x and t are expressedby means of a
used to derive exact solutionsof some nonlinear (m+ 1)st order polynomial of Y with factors de-
equations. pendingon C, S, and their derivatives.

By differentiatingeq. (3.4) tn timeswith respect
3. The properties of the Painlevé expansions to t andx, and taking into account(3.2) and (3.4),

one showsthe validity of the statement.
We shallconsiderin moredetail thepropertiesof

expansionsof eqs.(1.4), (1.5) which are to be ac- Corollary 3. Expansion of the solutions (1.5) can
countedfor. Thesepropertiescanbe formulatedas be presentedas a numberof polynomialsof Ywith
a numberof theorems. factors dependingon the functions5, C, andtheir

derivatives,thepowerof the polynomialbeingp.
Theorem1. Let S= {Ø, x} be the Schwarziande-

rivative, then the function Y definedby eq. (2.6) This statementfollows from the expansion(1.5)
mustsatisfy the Riccati equationin the form after substitutingexpressions(3.2)—(3.4) into it.

Yx = — — ~S. (3.1) Theorem3. The SchwarzianderivativeS and the

Thetheoremcanbe provedby directsubstitutionof function C are invariantwith respectto the Möbius
expression(2.5), for S, and (2.6),for Y, into (3.1). transformationgroup

a +b~
ad—bc=l . (3.5)Corollary 1. The mthorder derivatives(m=2, 3, 0= c+d~’

...) of Ywith respectto x are expressedin termsof
a polynomialofthe (m+ 1)storderwithcoefficients Proof Substituting(3.5) into (2.6) for S and C
dependingon Sandits derivatives, one finds [121

Indeed,differentiating(3.1) with respecttox, one {Ø, x} = {w~x}, 0~/0~=

has
Theorem4. Let Sand Cbe describedby expres-

~ =2 Y
3+SY—~ (3.2) sions(2.5) and (2.6),then therequirementof corn-

Y,~=—6Y4—4SY2+S~Y—~52. 1,~ patibility for SandC is satisfiedby the equation
5

1+C,,,+2C,S+CS,=0. (3.6)

Y~= (—1 )mm!Y~~~+l~ ~ ~ (3.3) Proof Rememberingthat

where Y,,,~,
5m~are the mth order derivativesof Y ~ (Ovxx),

andS with respectto x.
andthedependences(2.5) and(2.6) for CandSon

Theorem2. Let S={Ø, x} be the Schwarziande- the variablesØ(x, I) we haveeq. (3.6) [13].
rivativeandC= —0~/O~,thenthefunction Ydefined
by expression(2.6) satisfiestheRiccati equationin
the form
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4. The algorithm of finding exact solutions of the where the C,. are constants.A function Y(~) canbe
nonlinear equations obtained from eqs. (3.1 )—(3.3). If A,=0 (i=0, 1)

in (1.5) and C2=0 in (4.3), respectively,then the
The expansionof thesolutionsfor eq. (1.1) in the solutionof the investigatedequationcanbefoundin

form of (1.5) can result in exact solutionsof non- terms of the travelling wave variable as
linear equations.Let us assumefurther in (1.5)

U_—C1 +C3R+...+C~÷1R~2,~,R~=Y1~, (4.4)
0 0 ~ -~-ln—~---=Y2

ln
ax ~ Ot •.J~ whereR(~)can satisfy the equationfor the anhar-

monic oscillator as follows from eq. (3.3) at
and substitutethe transformationinto the initial S=const,
equation,taking intoaccounttherelationsof thetype
(3.l)—(3.4). Setting the equationswith the same (R~)

24R32S
0R

2+2bR+d. (4.5)
powersof Y~,Y

2, Y~Y2,..., equalto zero, we arrive The constantsSin eq. (4.2) andS0, b anddin eq.
at a set of nonlineardifferential equationswith re- (4.5) are foundby substituting(4.3) or (4.4) into
spectto C(x, t) andS(x, 1). Integratingthis system eq. (1.1).
on accountof eq. (3.6) and finding Y(x, t) from eqs. Eqs. (3.1 )—(3.3) andhenceeqs. (4.2) and (4.5)
(3.1)— (3.4) on accountof (1.5),onecanobtain the haveno movablecritical points and are in fact of
exactsolution of the original equation(1.1). How- Painlevétype [1]. Thereforewe will try to solvesome
ever,our observationsshowedthatthesystemofdif- nonintegrabledifferential equations(which do not
ferentialequationswith respectto C(x,t) andS(x, I) satisfythe Painlevéproperty)by meansof solutions
thusobtainedis notsimplerfor study,asa rule, than of the Painlevétypeequationswith a smallerorder.
the original equationis. In addition, the solution of We alsoplan a furtherinvestigationof this ideaand
the set of equationswith respect to C(x, t) and its possibleapplicationfor nonlinearequations.
S(x, I) is possiblein the samecasesif andonly if C
andS are constants.

Thealgorithmbecomessimplerif onecanfind the 5. Exactsolutions of somenonlinearnonintegrable
exactsolutionsof the initial equationsexpressedin

equations
termsof a travellingwave variable,

u(x, t) = U(~), ~=x—C0t, (4.1) Let usshowhow thesuggestedalgorithmworkson
the examplesof the equationsgiven in section2.

whereC0 is the wave velocity. In thiscase (1) Substitutingthe solution expansion(2.4) for

— 01/Ox= C0. the Burgers—Korteweg—deVriesequationwritten in
termsof a travelling wave variable,one finds

It follows from (3.6) that for C,~,�0,S is also acon-
stant.It shouldbenotedthat in ordinarydifferential flU~— vU~+ ~ U~— c0 U+ q = 1 2fl

2E~
equations,whenC=0, Scanbe a function of x. Eq. —24fl(~v—flY)E~+l2(~v2—4fl2Y)E+48fl2E2,
(3.4), whenc~=x—C

0t,reducesto (3.1) with x--*~,
c~=x—c0t, c~=2q+~v4/fl2, (5.1)

Y~=—Y
2—~S. (4.2)

where q is the integrationconstantof the Burgers—
Eq. (1.5) coincideswitheq. (1.4) at constantC and Korteweg—de Vries equation (2.1) which appears
S if, in (1.4), 0-~0/\/~, and it is assumedthat after transforming into the variables (4.1). The
u~=const.Thereforethe solution of the nonlinear function E hasthe form
equation(1.1) in termsof a travellingwave variable E= Y~+ ~2+ ~ ~= ~v2/fl2. (5.2)
for which thereexistsanexpansionof the type (1.2)
canbe soughtin the form It follows from (5.1) that if E=0, i.e., Y(~)is the

U=C
1 +C2Y+...+C~±~~ Y,.~=dY/d~, solution of the Riccati equation (4.2),

(4.3)
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Thesolution of the Brethertonequation (2.13) can
A0e~—B0e”~

be representedin the form

U(~)=~(l0S0—C~—l)—2R2(5.3) ______

—2(R1 —R2)cn2[c\/Ri —R2,m] . (5.11)
whereA0,B0 and~ arearbitraryconstants,thenU(~)
definedby eq. (2.4) is a kink solution of the Burg- Theanalysisof therootsof thecubicequation(5.9)
ers—Korteweg—deVries equation, shows that the solution (5.11) of eq. (2.13) for

C0 I ~~ andSan arbitraryconstanthasa physical
U( ~) = C0— vic tanh(K~+~z~) meaningand is a periodic (cnoidal) wave.

+ 12fl,c
2 ch2(ic~+9

0), (3) Substitutingthe solution transformation(2.9)
for the generalizedKuramoto—Sivashinskyequation

(5.4) for
(2) Substitutingthetransformation(2.15)to solve

a0=r=l, a=4, S=50=const
the Brethertonequationin the form

into eq. (2.7) in termsof the travelling wave van-
U=—~i(C~o+1)+~So+2R(c~) (5.5) able, one obtains

foreq. (2.13) written in termsof thetravellingwave U~+ 4 U~+ U~+ ~U~— C0 U+ q

variable,one finds

(1 +C~)U~+U~+U—30U
3 =60(Z~+5Z~+(5_12R—2S

0)Z

=(24R+4So_2C~2_2)Z+48JR~Zd~,(5.6)

where _36JR~Zd~), (5.12)

Z=R~+6R
2+2S

0R—b, where

b= —th(60S~+C~+2C~—9). (5.7) Z=R~+6R
2+2S

0R—b,

It is seenfrom (5.6) that ifZ=0, thenthe solution b=~(l—4S~). (5.13)
for the anharmonicoscillator,

It follows from (5.13) that R(~) is a solution of the
(R~)

2+4R3+2SoR2—2bR—d=0, (5.8) equationfor theanharmonicoscillator (5.8),where

where d=~-
0(C~+30S0—40S~—2q—26)

~ — 3C~— C0
6 + 455o— l0S

0C~ The expression

—5S0C~—l00S~), U(~)=C0+l0S0—l+60R+60R~ (5.14)

will be transformedaccordingto (5.5) into the so- givesthe solution of eq. (2.7) for
lution of the Brethertonequation.

a0=r=l, a=4,
Let R~,R2 and R3 be the real roots of the cubic

equation q
2 — q(C~—26) +~C4O—~C~+ 144 ~0

R3+~S
0R

2—~bR—~d=0, (5.9) and for an arbitraryconstantS~.All thesesolutions

then the solution of (5.8) at R~~R
2~R3 is ex- are periodic waves.The solution (5.8) transforms

pressedby meansof an elliptic Jacobi function as into a solitary wave for q=d=0, C0=6, S~=—~
(R~=~,R2=R3=0),R(c~)=~ch

2(~),which after
R(~~)=R

2+ (R~—R2) cn2[~/~ R, m] , substitutioninto (5.14) gives the solitary wave of
eq. (2.7) [8],

2 R~—R2 (5.10)m R—R3~ (J(~)=15ch
2(~)[l—tanh(~)].
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(4) If the solution transformation(2.12) is sub- The solution of eq. (5.19) is (5.20) in the form of
stitutedintothe Kawachanaequation(2.11) written the periodic (cnoidal) wave if cx0=/3= 1, ~~=30,

131 7in the travellingwave form, q=0, C0<~—~/~or ~4~+~/~<C0,
5o is

U~—U~—~U2+C
0U—q=0, (5.15) an arbitrary constantandR(~)satisfieseq. (4.5).

This solution degeneratesinto a solitarywave,
thenby analogywith thepreviouscasesonefindsthat
(5.15) hasthe solution U(~)=~ch2(,~/\/iö),~=x—C0t, (5.21)

U(~)=C,+~R—280R~, for C0=~,S~=—~.

C, —C 3! 28r~2 140— o~-~o~WSo, (5.16)
6. Discussion

where R(~)also satisfiesthe equationfor the an-
harmonicoscillator (5.8) with An algorithmallowing one to find exactsolutions

b= 0, d= ~ — ~ + ~‘ of nonlinearnonintegrableequationsby meansof4775520
1457 solvingan equationof Painlevétype has beende-~ signed on the basisof the singular manifold meth-

for an arbitraryconstantC0 and
5o ~ — or So> ~. ods.The Riccati equationandthe equationfor the

The solution (5.8) after substituting R(~)into anharmonic oscillator were taken as basis references
(5.16) gives the solutionsof (5.15) in the form of in the examplesdiscussed.Eqs. (1.1) can be ex-
periodic and solitary waves. In particular, the pen- pressed by means of other equations from the set of
odic wave degenerates into a solitary wave, equations(3.1 )—(3.3) except the Riccati equation

~ ~=x—C
0t, (5.17) and the equation for the anharmonic oscillator.The algorithm under study does not ensure the ex-

for d=q=0, C0=~,S ‘ istence of the exact solution of the investigated equa-
0 ~

The solutionin th form of a solitary wave (5. 17) tion (1.1). This is due to the fact that some expres-
is happy indeedsince it has beenrepeatedlyfound sions dependingon the Ø(x, t) are not taken into
in a number of papers [14—17]. accountwhenconstructingthetransformationsof the

(5) Let us apply the algorithm to find the pen- kind (1.5).
odical solutionsexpressedby meansof Jacobiellip- The algorithm canbe appliedto find exactsolu-
tic functions of the generalizedKawacharaequation tionsof variousnonlinearequations.At ourdisposal
[15], at present there are more than fifty equationswhose

solutions were obtained by this means. A more re-
U1 + 2a0UUx +

3~oU2Ux + Ii Uxxx= Uxxxxx. (5.18) stricted algorithm has been used in refs. [16—18]In termsof a travelling wave variable, wherethe exactsolutionswere soughtin termsof the

flU~— U~+~oU3 + a
0U

2 — C
0 U+ q= 0, (5.19) sumsof hyperbolicfunctions.Someof theequations

consideredcanhavemoregeneralizedtypesof exact
this equationhasthe following solution for ~ =30 solutionsthanthosein refs. [16—18].
(chosenfor convenience),
U=C +2R(~),
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