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Some nonlinear nonintegrable equations of evolution type have been investigated. Solutions of nonlinear equations frequently
used in various fields of physics are expressed in terms of the solutions of the Riccati equation and the equation for the anhar-

monic oscillator.

1. Introduction

Solutions of some group of nonlinear partial dif-
ferential equations for two independent variables,

E(x, t,u, u,, u,,..)=0, (1.1)

can be represented in terms of the Painlevé expan-
sions [1]

o

u=¢(x, )" ¥ wi(x, )¢/, (1.2)
Jj=0

where p is an integer, ¢(x, ¢) and u; are analytic

functions in a neighborhood of the manifold

?(x, t)=0.

As a rule, the expansion of the solution of eq. (1.1)
in terms of (1.2) simplifies the procedure of deriv-
ing analytic solutions of the equations under study.
The expansion (1.2) allows one to find the Lax pair
and Bicklund transformations [1] in the equations
integrable by means of the inverse scattering trans-
form. The same expansion can bring about some ex-
act solutions [2,3] in the case of nonintegrable orig-
inal equations.

Let us consider an application of the truncated ex-
pansion (1.2) where u,=0 at j> p, i.e., when the so-
lution of the nonlinear equations can be written as

D
U=y ug’="r. (1.3)

Jj=0

Substituting (1.3) into (1.1) and equating the

expressions of the same powers of ¢(x, t) to zero,
one can find the dependences u,(x, ¢) on the deriv-
atives of ¢(x, t), relation (1.3) being represented as

1 2 2
dlng d_Ing
u= uP+ Z Afa iggt—i + kz Akz k k6t2—k
d”In¢
+ Z Alp [ax/atp I (1-4)
Here A4;, Ay,_4, ---, are constants,

The expansions of the solutions for the nonlinear
equations (1.4) are now well-known. The Cole-Hopf
transformations for the Burgers equations and other
transformations for solutions of (1.4) were effi-
ciently used by Hirota and other investigators to find
exact solutions for equations integrable by means of
the inverse scattering transform [1,4]. However, if
the dependence of u, on the derivatives of ¢(x, ¢) is
taken into account in (1.4), then the latter can be
reduced to

u=F(C,S,C. Se)+ 3, 4, 700N/ 0)
i=0
SRS TN A
+k;0Ak.2 kT o kgi2—k axkgr2—*
A YCINES
B A g (1:3)
Here
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Ce_ P S=1{; x}= Doee 303 (1.6) For ay=r=1, it has a solution transform [7]
Tooe T T e 2030 ' R
- 16—g2) 2 1“ ") 41502
and S is the Schwarzian derivative. U=+ 7( o) 77532
The statement above can be rigorously proved but
it is rather cumbersome for the general class of equa- 9’In ¢
g q +60 = (2.8)

tions; we shall illustrate our idea by expanding some
concrete equations as examples.

2. Examples of Painlevé expansions for nonlinear
nonintegrable equations

Let us consider expansions of the solutions of the
type (1.4) and (1.5) for some equations.

(1) The Burgers—Korteweg—de Vries equation is
often used in the description of wave processes in
dissipative—dispersive systems in many areas or
physics. It has the form

U+ Ut + Bl = Vil . (2.1)
When the solution is sought in terms of (1.3) then
u(x, t) can be represented as [5]
dlng 621n ¢
9% .

U=u, -2y +12/3 (2.2)
Taking into account the dependence of #, on the de-

rivatives of ¢(x, t),

dlng,
ox—

d°ln ¢,
ax?

(2.3)

U, =C+2pS+%v2/f+Ep

—68

one can write expression (2.2) in the form

u=C+2BS+5v2/-LBvY+128Y,, (2.4)
where

— ﬂ ¢XX.X §¢.g€."
C_ h ¢.x‘x ’ S {¢ }_ x B 2 ¢3( ’ (25)
Y= 9 ? (2.6)

ax ™ e

and S is the Schwarzian derivative.

(2) The generalized Kuramoto-Sivashinsky
equation is one of the main equations in the physics
of unstable systems [5,6],

utaguu.tutou, +i.,=0. (2.7)

270

and bearing in mind the dependence of u, on the de-
rivatives of ¢(x, t) from ref. [8],

U= C+30S+ 158 +L0(T=Ba) +13(16—0?) Y
+156Y,+60Y,, . (2.9)

For the case when ay=24 (this value was chosen for
the sake of convenient calculations) the solutions of
the generalized Kuramoto-Sivashinsky equation
(2.7) can be written in the form

dlng
ax

u=u, + u=—50+7Y. (2.10)

(3) The Kawachara equation describing nonlin-
ear wave processes in the dispersive system [9,10]
U, + Ul + Uxx = Usxexxx (2 Il )

has an expansion (1.4) and (1.5) at p=4 of the type

280 9In ¢ 3ln ¢
13 ox? ax*

u=C+405_2852_g45 34280y
_280Y,\"X,\’~

—280

U=1U,

(2.12)

(4) The Bretherton equation [11]
Uy F U+ Uprr U= U, (2.13)
for ay=30 (chosen for convenience), has an expan-
sion (1.4) at p=2 in the form

2
_— +g_aln2¢

(2.14)

After substituting the dependence of u, on the de-
rivatives of ¢(x, t) into (2.14) one has

_ L (C?+1)+1SY,. (2.15)

(5) The equation of thermal conductivity with a
nonlinear source,

U=u,+a,+autau>=2u*, (2.16)
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has the following expansion solutions (1.4) and

(L.5),

dlng
u=u - -, (2.17)
u=é(C+a2)—Y. (218)

The transformations given in this section can be
used to derive exact solutions of some nonlinear
equations.

3. The properties of the Painlevé expansions

We shall consider in more detail the properties of
expansions of eqs. (1.4), (1.5) which are to be ac-
counted for. These properties can be formulated as
a number of theorems.

Theorem 1. Let S={¢, x} be the Schwarzian de-
rivative, then the function Y defined by eq. (2.6)
must satisfy the Riccati equation in the form

Y,=—Y2_1S8 (3.1)
The theorem can be proved by direct substitution of

expression (2.5), for S, and (2.6), for Y, into (3.1).

Corollary 1. The mth order derivatives (m=2, 3,
...) of Y with respect to x are expressed in terms of
a polynomial of the (m+ 1)st order with coefficients
depending on § and its derivatives.

Indeed, differentiating (3.1) with respect to x, one
has

Y, =2Y3+SY-4S,, (3.2)
Yiux=—6Y*—45Y24+S, Y1821,

Ype=(=1)"mly"+'— 1§, |, (3.3)
where Y,,,, S, are the mth order derivatives of ¥

and S with respect to x.

Theorem 2. Let S={¢, x} be the Schwarzian de-
rivative and C= —¢,/¢,, then the function Y defined
by expression (2.6) satisfies the Riccati equation in
the form
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Y, =CY?~C. Y+1(CS+C,,) . (3.4)

The proof of the theorem can be demonstrated by
substituting expressions (2.5) and (2.6) for Y, Cand
S into (3.4).

Corollary 2. The kth order derivatives of Y with
respect to x and ¢ are expressed by means of a
(m+1)st order polynomial of Y with factors de-
pending on C, S, and their derivatives.

By differentiating eq. (3.4) m times with respect
to ¢ and x, and taking into account (3.2) and (3.4),
one shows the validity of the statement.

Corollary 3. Expansion of the solutions (1.5) can
be presented as a number of polynomials of Y with
factors depending on the functions S, C, and their
derivatives, the power of the polynomial being p.

This statement follows from the expansion (1.5)
after substituting expressions (3.2)-(3.4) into it.

Theorem 3. The Schwarzian derivative S and the
function C are invariant with respect to the Mébius
transformation group

_atby

= ctdy’ ad—bc=1. (3.5)

9

Proof. Substituting (3.5) into (2.6) for S and C
one finds [12]

{g. x}={w, x}, O/O=w/Vx.

Theorem 4. Let S and C be described by expres-
sions (2.5) and (2.6), then the requirement of com-
patibility for S and C is satisfied by the equation

S +Cox +2C.S+CS, =0. (3.6)
Proof. Remembering that

( & ) xxx = ( Droxx ) t

and the dependences (2.5) and (2.6) for C and Son
the variables ¢(x, t) we have eq. (3.6) [13].
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4. The algorithm of finding exact solutions of the
nonlinear equations

The expansion of the solutions for eq. (1.1) in the
form of (1.5) can result in exact solutions of non-
linear equations. Let us assume further in (1.5)

9., ¢ _ 9, ¢ _
axln\/@_n, atln\/(b—X_Yz,

and substitute the transformation into the initial
equation, taking into account the relations of the type
(3.1)-(3.4). Setting the equations with the same
powers of Y,, Y,, Y,Y,, ..., equal to zero, we arrive
at a set of nonlinear differential equations with re-
spect to C(x, t) and S(x, t). Integrating this system
on account of eq. (3.6) and finding Y(x, ¢) from eqs.
(3.1)-(3.4) on account of (1.5), one can obtain the
exact solution of the original equation (1.1). How-
ever, our observations showed that the system of dif-
ferential equations with respect to C(x, t) and S(x, ¢)
thus obtained is not simpler for study, as a rule, than
the original equation is. In addition, the solution of
the set of equations with respect to C(x,t) and
S(x, t) is possible in the same cases if and only if C
and S are constants.

The algorithm becomes simpler if one can find the
exact solutions of the initial equations expressed in
terms of a travelling wave variable,

u(x, )=U(&), &{=x—Cot, (4.1)
where C, is the wave velocity. In this case

C=—0/9=Co.

It follows from (3.6) that for Cy#0, S is also a con-
stant. It should be noted that in ordinary differential
equations, when C=0, S can be a function of x. Eq.
(3.4), when &=x— Cyt, reduces to (3.1) with x-¢

Ye=—Y>_1S. (4.2)

Eq. (1.5) coincides with eq. (1.4) at constant C and
S if, in (1.4), p—//8;, and it is assumed that
u,=const. Therefore the solution of the nonlinear
equation (1.1) in terms of a travelling wave variable
for which there exists an expansion of the type (1.2)
can be sought in the form

U=C+CY+.+C, Y, 1, Yie=dYF/dEx,

(4.3)
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where the C, are constants. A function Y () can be
obtained from egs. (3.1)-(3.3). If 4,=0 (:=0, 1)
in (1.5) and C,=0 in (4.3), respectively, then the
solution of the investigated equation can be found in
terms of the travelling wave variable as

U=C +C3R+..+Co 1 Ry_nsy, Re=Y,:, (44)

where R(&) can satisfy the equation for the anhar-
monic oscillator as follows from eq. (3.3) at
S=const,

(Rg)*=—4R>—25,R*+2bR+d. (4.5)

The constants S in eq. (4.2) and Sy, b and d in eq.
(4.5) are found by substituting (4.3) or (4.4) into
eq. (1.1).

Egs. (3.1)-(3.3) and hence eqgs. (4.2) and (4.5)
have no movable critical points and are in fact of
Painlevé type [1]. Therefore we will try to solve some
nonintegrable differential equations (which do not
satisfy the Painlevé property) by means of solutions
of the Painlevé type equations with a smaller order.
We also plan a further investigation of this idea and
its possible application for nonlinear equations.

5. Exact solutions of some nonlinear nonintegrable
equations

Let us show how the suggested algorithm works on
the examples of the equations given in section 2.

(1) Substituting the solution expansion (2.4) for
the Burgers-Korteweg—de Vries equation written in
terms of a travelling wave variable, one finds

BUse—vU+3U? —coU+q=12B°E
—24B(GZv—BY)E:+ 12(Zv2—4B>Y)E+48B°E>,
E=x—cot, 65=2q+%§u4//}2, (5.1)

where ¢ is the integration constant of the Burgers—
Korteweg—-de Vries equation (2.1) which appears
after transforming into the variables (4.1). The
function E has the form

E=Y:+Y>+1S, S=—zv?/p>. (5.2)

It follows from (5.1) that if E=0, t.e., Y(&) is the
solution of the Riccati equation (4.2),
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Age’“—Bje™*
— % —
Y(é)_one"‘~'+Boe"“~' =xtanh(xé+¢,) ,
K= —1S=4v2/p?, (5.3)

where 4, By and ¢, are arbitrary constants, then U(¢&)
defined by eq. (2.4) is a kink solution of the Burg-
ers-Korteweg-de Vries equation,

U(&)=Cy —*Evx tanh (kE+g,)
+12B8k% ch=2(ké+9,) ,
k=t5v/8. (5.4)

(2) Substituting the transformation (2.15) to solve
the Bretherton equation in the form

U= —%(C3+1)+1S,+2R (&) (5.5)

for eq. (2.13) written in terms of the travelling wave
variable, one finds

(14+C3) Uss + Useee + U= 3003
=(24R+4So—2C6—2)Z+48JRdeé, (5.6)

where
Z=R;+6R*+2S,R-b,
b= —355(60S3+C{+2C3-9) . (5.7)

It is seen from (5.6) that if Z=0, then the solution
for the anharmonic oscillator,

(R:)*+4R3+28,R>—2bR—d=0, (5.8)

where

d=535(4+2C3—=3C4 - C§+455, — 108, C3
—5S5,C34—100S3) ,

will be transformed according to (5.5) into the so-
lution of the Bretherton equation.

Let R,, R, and R; be the real roots of the cubic
equation

R*+1S,R>*— §bR—14d=0, (5.9)

then the solution of (5.8) at R,>R,>R; Is ex-
pressed by means of an elliptic Jacobi function as

R({)=R,;+ (R, —Ry) an[é\/Rl —-R;,m],
R, —R

2_ 1 2

" =R _R,

. (5.10)
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The solution of the Bretherton equation (2.13) can
be represented in the form

U(&)=5(10S,—C5—1)=2R,

—2(Ry; =Ry} cn’[&/ R, ~R,, m].

The analysis of the roots of the cubic equation (5.9)
shows that the solution (5.11) of eq. (2.13) for
| Col <\/§ and S an arbitrary constant has a physical
meaning and is a periodic (cnoidal) wave.

(3) Substituting the solution transformation (2.9)
for the generalized Kuramoto-Sivashinsky equation
for

(5.11)

ap=r=1, o=4, S=§;=const

into eq. (2.7) in terms of the travelling wave vari-
able, one obtains

U§§¢'+4U¢'§+U¢+%U2—COLI+Q

=60 (z<¢+5z<+ (5—12R-25,)Z

—36]R¢Zdé>, (5.12)
where
Z=Rz+6R>+2S,R-b,

b=-(1—4S82). (5.13)

It follows from (5.13) that R(¢) is a solution of the
equation for the anharmonic oscillator (5.8), where

d=515(C3+30S, —40S3 —2¢g—-26) .

The expression

U(&)=Cy+10S;— 1 +60R+60R, (5.14)

gives the solution of eq. (2.7) for

apg=r=1, o=4,
¢*—q(C3—=26)+1C—LC3+144<0

and for an arbitrary constant S,. All these solutions
are periodic waves. The solution (5.8) transforms
into a solitary wave for g=d=0, Cy=6, Sy=—1
(R,=1%, R,=R;=0), R(&) =1 ch—2(4¢), which after
substitution into (5.14) gives the solitary wave of
eq. (2.7) [8],

U€)=15ch=?(§¢)[1 —tanh(30)].
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(4) If the solution transformation (2.12) is sub-
stituted into the Kawachara equation (2.11) written
in the travelling wave form,

Ugge— Uge — 3 U+ CoU—q=0, (5.15)

then by analogy with the previous cases one finds that
(5.15) has the solution

U(&)=C, +29R - 280R,;,

28 ¢2 140
=Co— 57— ST 585,

(5.16)

where R(&) also satisfies the equation for the an-
harmonic oscillator (5.8) with

C3=2q+1288S3(2S3 —1&5) +52%

for an arbitrary constant Cy and Sy < —35 or So> 5.
The solution (5.8) after substituting R(&) into
(5.16) gives the solutions of (5.15) in the form of
periodic and solitary waves. In particular, the peri-
odic wave degenerates into a solitary wave,

U(&) =18 ch=*(4¢//13), &=x—Cot,

for d=¢=0, Co=35, So=—%

The solution in th form of a solitary wave (5.17)
is happy indeed since it has been repeatedly found
in a number of papers [14-17].

(5) Let us apply the algorithm to find the peri-
odical solutions expressed by means of Jacobi ellip-
tic functions of the generalized Kawachara equation
[15],

(5.17)

U +200UU, +36qU U+ BU o = U -~ (5.18)
In terms of a travelling wave variable,
BUst— Uz + €U+ o U? = CoU+q=0,  (5.19)

this equation has the following solution for ¢;=30

(chosen for convenience),

U=C,+2R({),
C,=55(38+30S, —ag) , (5.20)

where R(&) is the solution of the equation for the
anharmonic oscillator (4.5) with

b=3503 — 555 (82— 10C, +60S3)
d= — 5155 (0tg Co +90g—20C, S, + 4053 +2C, B
+2S08%) — m515000 5 (@0 — 3085 + 3 8) + 53558 -
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The solution of eq. (5.19) is (5.20) in the form of
the periodic (cn01dal) wave if ap=0=1, ¢=30,

q=0, 225\C0 <576 64\/7 or ;$é+64\/~<C0’ So is
an arbitrary constant and R(¢&) satisfies eq. (4.5).
This solution degenerates into a solitary wave,

U(&) =1 ch=2(&//30), &=x—Cot,

26
for C0=72—5_a SO= 1

(5.21)

|~

[

6. Discussion

An algorithm allowing one to find exact solutions
of nonlinear nonintegrable equations by means of
solving an equation of Painlevé type has been de-
signed on the basis of the singular manifold meth-
ods. The Riccati equation and the equation for the
anharmonic oscillator were taken as basis references
in the examples discussed. Egs. (1.1) can be ex-
pressed by means of other equations from the set of
equations (3.1)-(3.3) except the Riccati equation
and the equation for the anharmonic oscillator.

The algorithm under study does not ensure the ex-
istence of the exact solution of the investigated equa-
tion (1.1). This is due to the fact that some expres-
sions depending on the ¢(x, t) are not taken into
account when constructing the transformations of the
kind (1.5).

The algorithm can be applied to find exact solu-
tions of various nonlinear equations. At our disposal
at present there are more than fifty equations whose
solutions were obtained by this means. A more re-
stricted algorithm has been used in refs. [16-18]
where the exact solutions were sought in terms of the
sums of hyperbolic functions. Some of the equations
considered can have more generalized types of exact
solutions than those in refs. [16-18].
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