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Exact solutionsof thegeneralizedKuramoto—Sivashinskyequation
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Transformationsfor thesolutionsobtainedby theWeiss—Tabor—Carnevalemethodareusedfor investigationof severalclasses
of analyticalsolutionsof thegeneralisedKuramoto—Sivashinskyequationwhichis nonintegrableby meansof theusualinverse
scatteringtransformmethod.

In 1983 Weiss,Taborand Carnevale[1] offered someclassesof analyticalsolutionsof nonintegrable
the Painlevépropertyexpansionfor partial differ- equations.In this connectionthe method was ap-
ential equationsanddemonstratedits efficiencyfor plied to get analyticalsolutionsof theBurgers—Kor-
obtainingBäcklundtransformationsand Lax pairs teweg—deVries equationand the Kawaharaequa-
for sometypesof integrableequations(Korteweg— tion [31.Studying the systemof equationsafter
deVries, Boussinesq,Kadomtsev—Petviashvili,etc.) substitutionof eq. (2) into eq. (1) and settingthe
usingthe methodof inversescatteringtransform, expressionsat the sameordersof F(x, 1) equalto

TheessenceoftheWeiss—Tabor—Carnevalemethod zero providedsomeanalyticalsolutionsof the gen-
canbe presentedin severalways. For instance,we eralizedGinzburg—Landau[4,5] andKuramoto—Si-
havethe nonlinearpartial differential equation vashinsky(KS) equations[6—8].

The generalizedKuramoto—Sivashinskyequation
~ (1) . .

occupiesa prominentpositionin describingphysical
If the solution of the equationhasthe form processesin unstablesystems[9—121.

This equationhasthe form
u= ~ ~ (2)

1=0 u, +uu,. ~ (3)
wherep is an integer,then (1) is supposedto have whereu (x, I) isa functioncharacterisingsomephys-
thePainlevéproperty.In (2) u1 are coefficients,and ical processes;a,/3andy are constantcoefficients;x
F(x, t) is the new function. It is usefulto notethat is the coordinate,t is the time.
thesolutionsu (x, 1) of the form (2) are“single-val- Multiplying (3) by u (x, t) andintegratingtheob-
ued” about the movable, singularity manifolds tamedexpressionoverx from — ~ to ~ whenthe
F(x, t)=O. conditionlim~,+~u,,,~=Oisfulfilled (m=O, 1,2, 3;

At first the possibility of a solution of the initial u,,,,,, is the mthorder derivative),we find
equationof the form (2) wasassociatedwith thein-
tegrabilityof eq. (1) by theinversescatteringtrans- ~ = a< — y<ui.>,
form,whichcorrespondsto theideaofAblowitz, Ra- ôt
mani and Segur [2] aboutthe Painlevéproperty.

Later it turnedout that acertain classof differ- / 2 ~— f ~ 4
ential equationsnonintegrableby the inversescat- \ U mx/ — ,j U mx

tering transformcanhavethe form (2). Applying
the Weiss—Tabor--Carnevalemethod one can find If a>’O, y>’O, eq. (4) showsthat the termwith the
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second-orderderivativein eq. (3) correspondsto
(9)

additionof energyto thesystem,thefourth-orderde-
rivative term characterisesthedissipationof energy. andeq. (6) is transformedto the expression

Substitutingeq. (2) into eq. (3) at p=3 andset-
ô3lnF ö2lnFting the expressionsat the sameordersof F(x, t) u=60 +l5a 2

ox3 Oxequalto zero onecanfind the resonancesof the so-
lution u(x, 1) of the generalisedKS equationfrom 8 ln F

+4~(l6—a2) +u
3. (10)

theequation [13]

(j+ 1 )(J—6)(j
2—l3j+60)=0. (5) The primesof thevariablesin eqs. (9) and(10)are

omitted. After taking u(x, t)=v(~),~=x—c
0t (c0 isOn accountof eq. (5) the KS equationis nonin-

tegrableby the inversescatteringtransformmethod, thespeedofthewave),eq.(9) in thecoordinatesys-
tem of the travelling wave hasthe form

Taking i~0 for j?~4and substitutingeq. (2) into
eq. (3) we get the transformationof solutions re- q— c0v+ ~v

2+ v~+ av~+ v~= 0, (11)
semblingtheBäcklundtransformationfor integrable

whereq is the constantof integration.
equationsby meansof the inversescatteringtrans-

Ifa=4, u
3_—c1=const,thetransformation(10) canform [3]: be written as

82
~ d

2lnF (12)
x v=c

1+R+R~, R=60—

nF
+4~(16a—fl

2/y)81 ~U
3, (6) Substitutingeq.(12) into eq. (11) we arrive at

x
The remainingset of equationscontaining u3(x, 1) 1R)Z+~JR~Zd~=0,(13)

Z~+5Z’~+(5—A—5
andderivativesF~,F~,..., ~ in the generalcase where
happensto beoverdetermined,butjoint for several
classesof functions.In particularthe following sub- Z R~ + ~R

2+AR— ~(1 —A2),
stitution [14], A=~(c

1—c0+ 1). (14)

U3 =C1 =const, Multiplying (14) by R~andintegratingtheresult

F(x, t)=c2+c3 exp(kx+wt), (7) over~, we get

in this overdeterminedset of functionssuggests~ 2 J~
lutionsof thegeneralisedKS equationin theform of
solitary wavesand kinks underthe following corn- —5(1 A

2 )R— ~D. (15)
binationsof theparametersof eq. (3): The constantD is connectedwith the constantsc

0,

12 16 c1 andq by the relation= = ± ± ±4. (8) D=c1(c0—~c1)+~(A—5)(l—A
2)—q.

Let us demonstratethat the transformation(6) can It follows from eq. (13) that eachsolution of the
be directly usedto obtain exactsolutions of the ge- equation
neralisedKuramoto—Sivashinskyequation.

R~+~R3+AR2—5(l—A2)R—~D=0, (16)
Forthis purposewenormaliseeqs.(3) and (6) by

setting after substitutionin eq. (12), leadsto a solution of

u=ct ~ u’, x=\/~7~~, the generalisedKuramoto—Sivashinskyequationinthe caseu=4.
= (y/a2 ) t’. a=pI~J~. Denotingthe real valuesof the relation

Thuseq.(3)hastheform R3+15AR2—75(l—A2)R—50D=0 (17)
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asR1, R2 andR3 with R1 ~R2~R3, the solution of Since eq. (11) is invariant under the transfor-
eq. (16) is expressedby meansof the elliptic Jacobi mations
function

v—+—v, c0—+—c0, ~ a—~—o~ (i)
R( ~)= R2+ (R1 — R2) cn

2( ~ ,,,/~(R
1— R3),S), the solutionsof the KS equationat a= —4 can be

R1 —R2 obtainedtaking into accountexpressions(12) and(18) (18).
R1 —R3 At a= l2/~/~7thetransformation(10) for theso-

The solution (18) is a periodic wave. At c0= 6 lutionsof the KS equationin the coordinatesystem
(c1=D=q=0, A= —1) and c0= —9 (c1=D=0, of the travellingwave canbe written in the form
A=2, q=~)the solution (18) is transformedinto
a solitarywave: v=60 exp(—2~/~/~)~[exP(~/V~)

R(~)=l5ch
2(~). (19)

d I dlnF’\1
In the generalcase,the solution of eq. (16) and X exp(~/\/~)d~)] +v

3. (22)
thesolution of theKS equationcanbeexpressedby
meansof elliptic Weierstrassfunctions. The solu- Let us definethe new variable
lionsof thegeneralizedKS equationcanbeobtained
from the formula

Thenthe transformation(22) can be presentedin

V=ci+R+~_~~__[50D+75(l_A2)R the form

0~ dR 60d
21nF (23)

v—c
1— —, R

—15AR
2—R3]”2. (20) 47~/~d0

It is easily seenusingeq. (18) that thesesolutions Substitutingeq. (23) into eq. (11) at a= l2/~/~7
are alsoperiodic (cnoidal) wavesandtheir ampli- andusingthe new variables,
tudes canbe found as the real roots of the cubic 0 dv 12 / dv

92d
2v’\

+ —10— +
equation(17). q—c

0v+~v
2—~~~ dO d02)To investigatewhetherthe solitarywave obtained

after substituting(19) into (20), ______ d3v +3O2~ +o~)=0, (24)

v=l5ch2(~)[l—th(~)], (21)
we find, asin the casea=4, thateachsolutionR(0)

is a soliton, onecanarrangethe numericalsimula- of the equation
tion of its interactionwith theothersolutionsof the
KS equationby meansofa finite differencemethod. R’~+~~(R—B)3=0, (25)

The calculationsindicate that the solution (21)
(where B is an arbitrary constant) under the

doesnot changein time andhaselasticinteraction
condition

withothersolutions.Thereforethesolitarywave (21)
satisfyingthe KS equationfrom a classicalpoint of q = Ci (c

0 — ~ c~)
viewis a soliton [15]. A simulationof theevolution
ofan initial perturbation,describedby eq. (30)with leadsafter its substitutionin eq. (23) to a solution
periodicboundaryconditions,demonstratedthat the of the KS equationin the form of a kink,
initial perturbationirrespectiveof its form trans- 1 2oo~
formsin time in an autostructure.Thecharacteristic V C1 — 47~J~(c3+O)

3’ (26)
peculiarityof this structureat a=4isthat it is formed
of a “soliton gas” consistingof solitary wavesde- wherec

3 is an arbitraryconstant.
scribedby eq. (21) [161. Becauseeq. (11) is invariant underthe transfor-
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mation(i) thesesolutionsof theKS equationcanbe
obtainedin an evidentway at i= — l2/\/’~7. v=c1 +

At a= l6/~I thetransformationof thesolutions l9If~~ 0~R,
oftheKS equation(10) canbepresentedin theform d

2 ln F
(32)

0=exp(—i~/,,,/i~),R=50 dO2
v=60exp(—3~/~)~[exP(2~/~) After substitutionof eq. (32) into eq. (11), using

d / xp(~/~/5~)d ln F\1 the new variables,andtaking accountof

X ~e d~)j +v
3. (27) = 30i

q=c1(c0—~c1),c0 c1
Settingthe new variable — 1 9~/i~’

we find that eachsolutionof the equation
O=exp(_~/~Ji~)

R~+ ~R
3 = 0

we find that the transformation(27) for v
3=c~can

be written as gives a solution of the KS equationat ty=0 by for-
mula (32),

1 / 3dR _02R), 60i 392 20~
v_—c1— —10

73~73\ dO u=ct— l9~((c3+O)2 (C +0)3)’

d
2 ln F

R= dO2 (28) Settingin (33)

Substituting this expression into eq. (11) using the O=exp( —i~/,~/T~),c
3= 1, (33)

new variableswe obtain
we arrive at the solution of eq. (3) given in refs.

2 0 dv 16 (o~+o2d
2~ [6,8].+qc

0v+2v — .,Ji~dO 73~/~i — dO
2) Exact solutions of the generalised Kuramoto—

Sivashinskyequationcanalso be obtainedif we re-
1 ~ +302~_~+O~~—~—0, (29) write thetransformation(6) taking intoaccountthat

73..,/7i~\ dO do3) — u
4(x, t) is a function of the derivativesof F(x, t)

we find thatall the solutionsof the equation with respectto x and 1 [141,
8~ F

2 82 F2
R~+~R30 (30) ~
underthe condition

8 F2 F~+~(l6—a) ln —

90
q=c~(co—~c

1),c0=c1—
73~

+ ~a{F;x}+15~_{F;x}+,i~a(7_~a2). (34)
satisfyeq.(29)andconsequentlyformula (28)gives
thesolutionoftheKSequationfora= 1 6/~/5i.They Substitutingeq. (34) into eq. (6) and setting the
havethe form of kinks,

expressionsat the samepowersof F(x, 1) equal to
60 / 92 20~ \ zero,weobtainthatF(x, 1) satisfiestheobtainedset

v=c1 — 73.J~I~(c3 + 9)2 + ( + 9)3). (31) of equationsif
Sh={F;x}=m, F~/F~=—c0, (35)

Theexactsolutionof the KS equationat a=0 can
be found analogously.For this case the transfor- wherec0 is an arbitraryconstant,Sh is the Schwarz
mationof the solution (10) canbe presentedin the derivative.Theconstantsm canbe definedwith re-
form spectto a,
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