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Abstract

Using the compatibility condition for the Painlevé equations, several new
fourth-order ordinary differential equations (ODEs) that are analogies of the
Painlevé equations are found. The isomonodromic linear problems for these
equations are given. Special solutions of the fourth-order ODEs found are
discussed. The Painlevé testis applied to investigate several fourth-order ODEs.

PACS numbers: 02.30.Hq, 02.30.1k, 02.30.Tb

1. Introduction

In recent years there has been a renewal of interest in the theory of the Painlevé equations [1].
This interest stemmed from the observation by Ablowitz and Segur [2—4] that reductions of a
nonlinear partial differential equation (PDE) of the soliton type give rise to ordinary differential
equations (ODEs) whose movable singularities are only poles. Using this idea, a number of
the Painlevé equations were obtained as reductions of soliton equations.

The Painlevé equations were first found by Painlevé and his collaborators more than a
century ago when Painlevé and his school began an investigation of the nonlinear second-
order ODEs class. They wanted to solve two different problems: to classify second-order
differential equations of a certain form on the basis of their possible singularities of solutions,
and to identify second-order differential equations which define new functions. The latter
problem was formulated by Fuchs and Poincaré in 1884. However, Fuchs and Poincaré did
not find any new functions because they considered the first-order ODE class.

Painlevé and his school found 50 canonical classes of equations whose solutions have
no movable critical points. Furthermore, they also showed that among 50 equations there
are exactly six second-order ODEs that define new functions. At the present time these new
functions are called Painlevé transcendents; and equations with general solutions in the form
of these transcendents are called Painlevé equations. These six Painlevé equations were first
discovered from strictly mathematical investigations but these equations have recently appeared
in several physical applications [5].
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The results of Painlevé and his school led to the following problems: to classify other types
of nonlinear differential equations and to find higher-order differential equations that define
new transcendental functions with respect to constants of integration. Recently an attempt has
been made to find new functions, other than the Painlevé transcendents, again determined by
nonlinear ODEs. With this aim several hierarchies of ODEs were introduced using hierarchies
of nonlinear PDEs that are solvable by the inverse scattering transform [6—10].

The aim of this paper is to present several new fourth-order ODEs that are analogies to
the Painlevé equations. These equations will be found using the compatibility condition for
the Painlevé equations. The isomonodromic linear problems for these equations will also be
given. The equations found have special solutions in the form of transcendents and we hope
the general solutions of these equations are also transcendents.

The outline of this paper is as follows. The method applied to find higher-order ODEs
that are analogies of Painlevé equations is discussed in section 2. Fourth-order ODEs with
linear potential are given in section 3. Equations corresponding to the quadratic potential are
presented in section 4. Special solutions of these equations are also discussed. The application
of the Painlevé test for studying equations with potentials (2.3) and (2.4) is presented in
section 5.

2. Method applied

Garnier [11] found that five out of six Painlevé equations can be presented as isomonodromic
linear problems. These problems can be used for solving the Painlevé equations by the inverse
monodromy transform [12, 13]. The compatibility condition of the isomonodromic linear
problem can be written in general form as the following equation [14, 15]:

wUy, = 4U A, +2U A — Ay 2.1)

where U = U(x, A) is a potential, o = w(A) is a dependence on A and A = A(x,A) is a
function of x and A.

It is known that five of six Painlevé equations can be obtained from equation (2.1) if we
look for A(x, A) in the form

A(x, M) = a;(x) +ag(x)\. 2.2)

Assuming U (x, 1) in the form
Ux,A)=P(x)— A\ 2.3)
we have the first Painlevé equation from equation (2.1) at w(A) = 1. In the case of w(X) = A

we get P, and we have the special case of the third Painlevé equation at w (L) = A%
Assuming the potential U (x, A) in the form

U(x,)) = P(x) —2xy(x) + A° (2.4)

one can find the second Painlevé equation at w(x) = 1, the fourth Painlevé equation at
w(A) = A, the third Painlevé equation in the case w (1) = A? and the fifth Painlevé equation at
w(A) = A(h — Xo).

Let us remark that equation (2.1) is equivalent to two isomonodromic linear problems.
One can see that the compatibility condition in the form

(Wror = (Wi)ax 2.5)
for the system of equations

U, = (P(x) — M)W WOIW, = 2A(x, MW, — A, (x, )W (2.6)
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leads to equation (2.1) if we take the linear potential (2.3) in the last equation.
On the other hand, the compatibility condition (2.5) of the isomonodromic linear problem

W =20 — )W, + Q)W oMV, =Cx, M)V, + D(x, )V (2.7)
can also be presented as equation (2.1) at the quadratic potential (2.4) if we assume

Q) =P(x) =y =y Clx,2) =240 1) 2.8)
and

D(x,A) =2Ax, M)y —A)+oX)x — Ac(x, 1). (2.9)

One can look for higher-order ODEs that are analogies to the Painlevé equations taking into
account the isomonodromic linear problems (2.6) and (2.7) [16]. However, we can look for the
higher-order analogies to the Painlevé equations if we use equation (2.1), potentials (2.3), (2.4)
and A(x, A) in the form

A(x,\) = Zai oM (2.10)
i=0

In this paper we are going to apply the formula (2.10) at n = 2 which allows one to find
several new fourth-order ODEs with the general solutions in the form of the transcendental
functions with respect to constants of integration.

3. Fourth-order equations with potential (2.3)

Let us find fourth-order ODEs with potential (2.3). Assuming n = 2 in equation (2.10), we
have

A(x, A) = ar(x) +ay (x)h + ag(x)A2. 3.1

3.1. Case

w (X)) = 2w = const. Substituting equations (2.3) and (3.1) into (2.1) and equating expressions
at different XA to zero we have

ao(x) = co (3.2)
ai(x) = 3P (x) — s (3.3)
ar(x) = —%c1 P(x) — §coPyx + 3c0P? — 1o (3.4)
@y yxx — 2Pcay —4Pay . — 2w = 0. (3.5)

Here ¢y, c1, ¢; and later ¢3 and ¢4 are constants of integration. Substituting equation (3.4)
into (3.5) after integration we obtain

3 4
Pexex — 10P Py — SP2 4+ 10P3 + L P — 21 p2 41625 — 22 p oy = 0. (3.6)
Co Co Co Co

Let us denote P(x) = y(x) and w = —acp/16, c; = Bco, 2 = pco/4, ¢z = 5. Then
equation (3.6) can be presented in the form

Yxxxx — ]Oyyxx - 5)’? + loy3 + ﬂyxx - 313)’2 —ax =0. (37)

We have taken © = 0 and § = 0 in equation (3.7) taking into account the change of
variables x and y. Equation (3.7) is the generalization of the second member of the first
Painlevé hierarchy that was found in [7]. Equation (3.7) at 8 = 0 was studied intensively
in [17-21]. This equation passes the Painlevé test [17]. The general solution of this equation
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is an essentially transcendental function with respect to constants of integration [20,21]. There
are the Bécklund transformations for solutions of this equation [19]. At 8 # 0 equation (3.10)
was found in a recent work [22].

The isomonodromic linear problem corresponding to equation (3.7) can be presented in
the form [10, 17]

U =(y—AV 8aW, =2A1(x, M)V, — AV 3.8)
where A;(x, A) is determined by the formula
A1(x, ) = yor =397+ By +2(8 — 2y)% — 837 3.9)

The system of equations (3.8) can be used to solve the Cauchy problem for equation (3.7)
by the inverse monodromy transform.

3.2. Case

w(X) = 2wA. Substituting equations (2.3) and (3.1) into (2.1), we get ap(x) and a;(x) in the
form (3.2) and (3.3). As a result of substituting these expressions into other equations we
obtain the following system of equations:

az(x)+§clP+%conx — %a)x — %C0P2+6‘2 =0 (3.10)

@ x — 3a3, —2Pa3 +¢3 =0. (3.11)

Denoting parameters w = «acy/4,c; = Bco, c3 = 8, ¢ = 8/v and assuming ¢; = 0
(one can change variable x), P(x) = y(x), ax(x) = u(x), we have the following system of
equations from equations (3.10) and (3.11):

Vex — 32+ By —ax +vu =0 (3.12)
Uity — Su? —2yu* +§ = 0. (3.13)

This system of equations can be considered as the Backlund transformations between two

new fourth-order ODE:s for y(x) and u(x). The equation for u(x) can be written in the form
17 ulu,,  27u 56
+ = ———§+<ﬂ—ﬁ>u”

2
UyxUpry T UL,

Havee = u 2 u 2 u 8 u
1 156 1) 382
_ L1 u§+2vu2—2axu+ﬁ———=0. (3.14)
2\ u u3 u 2u3

The equation for y(x) takes the form
(ﬁy — X — 3y2 + yxx)yxxxx - %y)%xx + (Ot - ﬂyx + 6yyx)yxxx
+ (B —8y)yr, + (B2y — 13By* — 6y; +30y° + 10axy — axB)y.x
+ (6ox — 3B7)y; + (B — 6y)yx — 18y° + 128y
—2(60x + B7)y’ +4Baxy’ — 20x7y — Lo + 517 = 0. (3.15)
From the system of equations (3.12) and (3.13) we can see that equation (3.15) has the
special solutions in the form of the general solution of the first Painlevé equation. Therefore,
the general solutions of equations (3.14) and (3.15) are also transcendental functions with
respect to constants of integration.
Note that equation (3.14) can be written in another form (maybe more convenient) if we
use the variable u = exp(v(x)).
In this case we have the fourth-order ODE of the form
d2

1.2 1.,2\2 1.2
@(vxx - va) + (Uxx - va) +,B(Uxx + va)

— 58(vxy — S0+ 2B)e T +2ve” — 158%™ — 20x = 0. (3.16)
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Equation (3.16) at 8 = § = v = 0 has the special solution that is expressed via the general
solution of the first Painlevé equation in the form

Sex + 8 —2ax =0 (3.17)
where
S = v — 307 (3.18)
Assuming v = — In ¢ the last equation can be written as the linear equation in the form
Yex + S = 0. (3.19)

We feel we need to study equations (3.14)—(3.16) in more detail in future work.
The isomonodromic linear problem for equation (3.14) can be obtained on the basis of the
system of equations (2.6). It takes the form

V., = (P — 1Y 200V, =2A,¥, — Ay W (3.20)
where P,(x) and A,(x, A) are expressed by the following formulae:
Py = Mo D (3.21)
2 = o T w2 )
Ay 3) = s s (1 u 9 B)r+a2 (3.22)
X,A) = —vu — — — . .
2 2 u 2u?  u?

The system of equations (3.20) is the key to solving the Cauchy problem for
equation (3.14).

3.3. Case

w(X) = 2wA2. Using equations (2.3), (3.1) and (2.1) again we have

ap = co (3.23)
a = %CQP + %a)x — %Cl (3.24)
4ay . —3¢oP Py — 2Pw + 3Co Pexy — wX Py + 3¢ Py =0 (3.25)
ay xxx — 2Pra; —4Pay , = 0. (3.26)

The last equation can be integrated. It takes the form
@ x — 3a5, — 2Pa3 +c3 =0. (3.27)

From equation (3.27) one can obtain P(x). Substituting this dependence into
equation (3.25) we can integrate this equation. If we denote a,(x) = y(x), v = wcyp, c3 = 9,
¢ = W, 1 = Bey, co = 8/v (we take the parameter § as zero because one can change variable
x)we will obtain the following fourth-order ODE:

4y Vexx  3V2 21 y2y,,  9y* 58
s Mot 99 (30,, %)

Yxxxx — y y B y2 ) y3 Yxx
ax 58\ , 2 dadx 287
+2l —+ 5 )y — 2y tvyTHp— ——3=0. (3.28)
y ¥ y y
This equation can be presented in a more convenient form if we use variable u = exp(v(x)).
d 1 d 4
— ver — —vi — 20— (xvy) — 58| vy — v? +—ax Je ™ +ve’ + eV —28%e W =0.
dx 2 dx 5

(3.29)
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Atd = u = v = 0 equation (3.29) takes the form of the second Painlevé equation if we
use at w = v,. This form is

Wex — 3w — 20wx +cs5 = 0. (3.30)

Equation (3.29) is a generalization of the equation which was found in a recent work [21].
Equation (3.29) was shown to have the special case of the third Painlevé equation if we do not
take into account the leading members of this equation. The general solution of equation (3.29)
is a transcendental function with respect to constants of integration. This one passes the
Painlevé test.

The isomonodromic linear problem for equation (3.28) takes the form

U, = (Ps— )W 8aA’ W, =2A3W, — A; W (3.31)
where Ps(x) and A3(x, 1) are expressed by the following formulae:
2
Yex Yy 0
P — _ +— 3.32
) =35 s (3.32)
1 Yoo i 8 >
Az(x,A) = zvy+ | — — + — — B+ 2ax |A+4A°. (3.33)
2 y o2yt y?

The general solution of equation (2.19) can be found by the inverse monodromy transform.

3.4. Case

w(A) = 2wA3. Taking into account equations (2.3) and (3.1) we obtain from equation (2.1)

ap(x) = Jox +co (3.34)
4a, y, — wx P, —2coPy —20P =0 (3.35)
Ay xxx +4ayx —4Pa;, —2Pa; =0 (3.36)
aray xx — %a%yx +c3— 2Pa§ =0. (3.37)

From equations (3.35) and (3.36) one can find integrals. They take the form
Coar.xx + 101 xx + %wxagyxx - %a]zyx +4aia;
— %a)az,x +cy —2wxa; P — 4cpar P — 2a12P =0 (3.38)
A xx +a102 xx + 2a§ —ajax+cy—4aja; P =0. (3.39)
Substituting P(x) from equation (3.37) into (3.38), (3.39) and denoting a;(x) =
y(x),a(x) = u(x),co = v,o = a,¢c; = B,co = ,¢c3 = 8, x' = x +2v/a, we find
the following system of equations:

2U° + Yoxtt? + (U — Yllyy — Vyllx)U + yui —26y=0 (3.40)
4u3y + (Vyex — %axuxx - %yf - %(XMX + ﬂ)uz
+ (%axu)zc —axé — yzum)u — 8y2 + %yzui =0. (3.41)

The Cauchy problem for the latter system of equations can also be solved by the inverse
monodromy transform.

4. Fourth-order equations with potential (2.4)

Now consider fourth-order ODEs that can be found from equation (2.1) taking into account
potential (2.4) and A(x, A) in the form of equation (3.1).
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4.1. Case

w(X) = 2w = const. Substitutions of equations (2.4) and (3.1) into (2.1) gives the following
set of equations:

o = Co 4.1
ap = coy +ci 4.2)
ap = %coy2 - %C()P +c1y+ }Tcz “4.3)
CoYxx + IOcoy3 + 6c1y2 +cy+c3—2c1P —6¢cpyP +4wx =0 “4.4)
A xxx —4Pay — 4wy —2Pap = 0. 4.5)

Here ¢y, c1, ¢2, ¢3 and later ¢4 are constants of integration again. Substituting P (x)
from equation (4.4) into equations (4.3), (4.5) and performing the change of variables and

parameters y(x) = @ - 367]0, = %t ¢ = 5c0,¢2 = 8co, €3 = U, 4 = X, X =
3
ox — ’2—5 + % +u, B = (B? — 38)!/? (the primes of variables are omitted) we obtain, after
integration, the following equation:
2 2
Uy Uy 2 5 5, 3uy, UiUxx O XUy y
Uyxyxy —2———— — SU Uy — —UU, — = +2 -2
XXXX u XX 2 X 2 u uz u
2 2.2
oxu ou 5 1o x
+2 L2 TP — B+ 2axu’ 4 yu— = =0. 4.6)
u? u 2 2 u
Using variable u = exp(v(x)) we can write equation (4.6) in the form
2
1 5 15
m(vm + vz) - E(v” + v)%)2 +x + 564” - (51)” + 71))3 + ,32>ezv
v L d [
+2axe’ — 20’ —(xv,) — —a“x“e ' =0. “4.7)
dx 2

From equations (4.4) and (4.5) one can see there are special solutions of equations (4.6)
and (4.7) which are expressed by means of an elliptic Jacobi function.

Equation (4.6) is invariant under transformations y by —y and « by —«. This equation
also has the special solution at @ = 0 and y = %/3. It takes the form

B3 <ﬂ«3/§x . %)

3
X) = —— tanh
u(x) 3
where g is a arbitrary constant.
Equation (4.6) can be written as the isomonodromic linear problem that corresponds to
the compatibility condition (2.5). For equation (4.6) this problem takes the form
6V, =202 =3u+ )V, — Q1(x)¥ 18aW; = 6C;(x, M)W, + D;(x, M)W (4.9)

where Q(x), Ci(x, A) and D (x, A) are expressed via the following formulae:

(4.8)

B, 1
Q](x)=3ux+?—u —;(uxx+ax) (4.10)
2
Ci(x) =2u® + Bu — % — 1(% +ax) + Gu+2B)A + 312 4.11)
u

3
D (x) = Bu’ + % + 60 + 6> — uyy — 3Buy — 12uu, — 28%u

1 3u,
+ = Gtyxx + 300+ Putyy + ofx) — —(Uyy + ax)
u u

3ox + 3u,,
u

+ <3u2 —B%—9u, + A —9BA% — 933, (4.12)
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The linear problem (4.9) can be used for solving equation (4.6) at all initial dates by the
inverse monodromy transform.
4.2. Case

w (X)) = 2wl. Using the above-mentioned approach we have ag(x) = ¢, a;(x) = coy(x) + ¢y
and equations in the form

3 2 Co
az(x)za)x+§coy —EP+c1y+cz (4.13)
coYxx — 6coPy —2¢1 P +4wyx + 1000y3 + 6cly2 +4cy+c3=0 (4.14)
aray xx — %a%x — 2Pa§ +c4 = 0. 4.15)

One can find P (x) from equation (4.14). Substituting this expression into (4.13), (4.15)
and using parameters w = «cg, ¢; = fco, ¢2 = oV, 3 = co( — %), cy = 8c8/16, we have
after the change of variables

% 1 , é

x/=x+;—6ﬂ—2a, a(x) = u(x)/4, y =y - 3 (4.16)
(primes are omitted) the system of equations
(Bu — 8ax)y + yex — 8y’ —4By* — taxB+u =0 4.17)
(—yux +4By* — 10y — daxy + Foaxp — pu’ + 3yuu, + (38 — 3ul)y = 0. (4.18)

This system can be considered as the second member of the fourth Painlevé hierarchy.
Recently this one was obtained as reduction of the Hirota—Satsuma system of equations in [23]
where the Béacklund transformations and special solutions were found.

The isomonodromic linear problem corresponding to equations (4.17) and (4.18) takes
the form

W, =331 — 6y +28)V, — Or(x)¥ 4arW;, = Co(x, M)W, + Dy (x, M)W (4.19)
where
1
0,(x) = % — 6y? + 9y, — bax + 2—(4aﬂx — 31— 3y4) (4.20)
y
Co(x, 1) = u(x) +2(y + 2p)r + 27 4.21)
Dy(x, 1) = uy — Juy — 2Bu — B2 — 107 + Qax — y, +2y% — Ju+ 2By — $HA. (4.22)
The isomonodromic linear problem (4.19) will be used for solving the Cauchy problem
of equations (4.17) and (4.18).
4.3. Case

w(X) = 2wA2. Substituting equations (3.1) and (2.4) into (2.1), we have ay(x) = ¢y and the
following equations:

aj(x) = coy + wx + ¢y (4.23)
a(x) = wyx + %coy2 — %C()P(x) +c1y+c (4.24)
—4co Py, —4Pw +8yas x + 4y as + coYixx — 2c0Pry —2wx Py —2c1 P, =0 4.25)
aray xx — %a;x — 2Pa§ +c4 =0. (4.26)

Substituting P (x) from equation (4.26) into (4.25) and multiplying the expression found
by a(x) we obtain, after integration, some equations. We have used further parameters and
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variables: w = acg, ¢ = Bco, 2 = pco/4, ¢z = vc(z), cy = 80(2), ar(x) = cou(x),y =y —ax
(the prime of y’ is omitted). As a result we have the following system of equations obtained
from equations (4.26) and (4.25):

szxx —u( YUy + yrly) + y(ui —28) + 4u3(y —ax)+vu=0 4.27)
Uty — sul — 2u*(3y* +o’x?) + u*(8axy — ) +4u’ +8 = 0. (4.28)

The isomonodromic linear problem for the system of equations (4.27) and (4.28) can be
presented in the form

Voo = =2y +2ax)¥, — Q3(x)¥ 20020, = Cs(x, MW, + D3(x, M)W 4.29)
where

uXX

1 2
— W2 —25 430
2w T ae ) (430)

C3(x, 1) = 4u +2yr + A2 4.31)
Ds(x,)) =4u(y — ax) — 2u, + (2y2 —2u — yy — 20xy)A — %)ﬁ. (4.32)

03(x) = yx —a+ (y —ax)? —

The isomonodromic linear problems (4.29) can be used to solve the Cauchy problem for
equations (4.27), (4.28) by the inverse monodromy transform.

4.4. Case
w(A) = 2wA>. Substituting equations (2.4) and (3.1) into (2.1) we have

ap(x) = wx + ¢y (4.33)
aj(x) = wxy +coy — ¢ (4.34)
12(wx + ) yy, — 2(wx + co) Py + Swy2 —4wP —4c1y, —4ar, =0 (4.35)
(wx + o) yexx — 2y(@x + o) Py — 4(wx + co) Pyx

+ 3wy, +8yay y —4wyP +4azy, +2c; P, =0 (4.36)
@ — a5 +c3 —2Pa; = 0. (4.37)

Using P(x) from equation (4.37) and denoting a;(x) = u(x),co = v,0 = a,c; =
B,co = m,c3 = 8,¢4 = 2,x' = x + v/, we obtain from equations (4.35) and (4.36) after
integration

axi®yux + (B — xy) (it — u3) — au(y + Xy
+ 20y u’ +4dyu’ — 2oxey + Su+2Bx =0 (4.38)
ax(axy — Buye — ((axy — B)%u + axu®)uy, + (cxu + %(axy - ﬁ)z)ui — %azxzyfuz
+a(axy — 2ﬂ)u2yx — ocuzux — 2t + 8(axy — ;B)yu3
+ (u — %ozzyz)u2 —2axxu — ozzxzxy2 +20xBxy — xﬂ2 =0. (4.39)
The Cauchy problem for the system of equations (4.38) and (4.39) are solved by the inverse
monodromy transform.

5. The Painlevé test for equations (3.14), (3.28), (4.6) and the system of
equations (4.27), (4.28)

The Painlevé test is known to be a powerful method for investigating the integrability of
differential equations [1,24]. This approach allows one to obtain the necessary conditions for
the absence of movable critical singularities in the general solution of a differential equation.
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The Cauchy problem for the equations presented above can be solved by the inverse monodromy
transform. We expect all these equations to pass the Painlevé test. However, the Painlevé test
also gives the representation of the general solution near a singular point and the formulae
found are useful to prove the local convergence of the general solution and other interesting
features of solution [25].

We are going to apply the Painlevé test to equations (3.14), (3.28), (4.6) and to the system
of equations (4.27) and (4.28) in this section using the perturbative Painlevé approach presented
in [1,24]. The essence of this method can be presented in several ways. Let the ODE

E(y, Y, .o, x) =0 (3.1

be given, where we keep in mind equations (3.14), (3.28), and (4.6). It is convenient to use the
perturbative method taking into account the following three steps.
In the first place we look for all possible families of solutions of equation (5.1) assuming

y = yoz’, Z=X—Xp (5.2)

where p is the order of the singularity, yo is a coefficient and x; is a movable singularity.
Substituting (5.2) into leading members of equation (5.1), we get several families of solutions
with values (p, yo). To continue the investigation of the equation we have to obtain all integer
values of p in this step.

To study the second necessary condition, we look for the Fuchs indices. At this step we
assume

y = yoz? + yiz?* (5.3)

for every family of solutions and substitute expression (5.3) into the leading members of
equation (5.1) again. Equating expressions at y; in this step we obtain the integer Fuchs
indices j., (r =1, ..., n), where n is the order of equation (5.1).

The third necessary condition corresponds to checking the existence of the Laurent series
for the general solution of equation (5.1). At this step, the general solution of equation (5.1)
is searched for in the form

o0
y=Y &y®. (5.4)
k=0

Equation (5.1), in this case, takes the form

o0
EGz.y) =) ¢EY =0. (5.5)
k=0
We have [1,24] from equation (5.5)
k=0: EQ=E(zy" =0 (5.6)
k=1: ED =E'(z,yO)yP =0 (5.7)
k>2: E® = E'(z, yO)y® + RO (7, y©@ .. y&Dy =0 (5.8)

where E’ is the Gateaux derivative of equation (5.1) and R® stands for the contribution of
previous members of the expressions. The components of the solution y® are looked up in
terms of the Laurent series

oo
y® = Z yjﬁk)zj—zJ (5.9
Jj=ko

where p is the least negative Fuchs index. Solution (5.4) must have n arbitrary constants to pass
the Painlevé test. The coefficients yg.k) are found after the substitution of representation (5.9)
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into equations (5.6)—(5.8) and equating the obtained coefficients Ej(.k) to zero. The absence
of movable critical points corresponds to n arbitrary constants in solution (5.4). Arbitrary
coefficients yr(k) (r=1,...,n);r < n;risthe Fuchs index) are introduced at k = O forr > 0
and k > 1 forr < —1.

Let us apply this algorithm to the investigation of equations (3.14), (3.28), (4.6) and the
system of equations (4.27), (4.28) in the Painlevé test.

5.1. Test for equation (3.14).

To study equation (3.14) let us write this one in the form

7 17 27 582
3 2 2 2 4 5 3
XXXX 3 xJVxxx A xx T xXx +2 + XX
yy Y Yxy 2)’ y ) YYx). g Yy vy (/3 2y2>y Yy

: 158 axy* + 1,332 2_Zst=0 (5.10)
—=| - = —2ax - —=§"=0. .
2 2,7 Yoy y ) y 3

Substituting (5.2) into the leading members of equation (5.10) we have five families of

solutions with values (p, yo) = (=4,72/v), (p, yo) = (1,6). (p, yo) = (1, =8), (p. yo) =
(1,4/3) and (p, yo) = (1, =8/3).

3

Substituting (5.3) where yo = 72/v and p = —4 into the leading members of
equation (5.10) again, we find equation for the Fuchs indices of the form
j4—107° =52 — 150/ + 144 = 0. (5.11)

The solution of equation (5.11) takes the form j; = —1, j, = —3, j3 = 6 and j4, = 8.
Therefore the first family of solutions has two positive Fuchs indices and two negative ones.

Substituting (5.3) into the leading members of equation (5.10) for the second and third
families gives the equation

jt =573 +5/2+5j—-6=0. (5.12)

The solutions of equation (5.12) take the form j; = —1, j, =1, j3 =2 and j; = 3.
In the case of the fourth and fifth families of solutions we obtain the equation for the Fuchs
indices in the form

jt =573 —15j%+45j —54=0 (5.13)

that has solutions j; = —1, j, = —3, js =3 and js = 6.

One can see that the first and second necessary conditions for passing the Painlevé test for
equation (5.10) are satisfied.

The solution y@corresponding to the first family takes the form

0 _ 72 128 B2 18axg

y i 2t +
v(x — xg) Sv(x — xo) 350v 35v
o 2a8
= = x0) + Y6 —x0)* = oo (x —x0) H g —x) (514
This solution has three arbitrary constants xg, y¢ and yg. However, substituting

y(x) = y(o) + 8y(1) + ezy(z) + 83y(3) (5.15)

into equation (5.10) and using (5.14) and (5.9) we find that y(x) has four arbitrary constants.
Solution y©@ corresponding to the second and third families can be written in the form

O = £8(x — x0) + y1(x — x0)* + y2(x — x0)* + y3(x — x0)*

Saxo By | 2niys |, 3y7  yiw 5
+(+ _ B2y + 202 2N S 5.16
< 5 10 T 35 Tas  3e )W (5.16)
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The latter solutions already have four arbitrary constants xgp, y;, y» and y3 that
corresponding to the positive Fuchs indices and j; = —1.
Solution y©@ for the fourth and fifth families of solutions have the form

1 1 882 Sax
Y = E 28 —x0) F =B —x0) +y3(x —x0)* F (i + °)<x — x0)°

1260 105
By; 82 ol 6 7
+=+—F — - + — +--- 5.17
< 30 Tam T i;a (x = x0)” + ye(x — x0) (5.17)

Solution (5.17) has three arbitrary constants xg, y3 and yg; butusing solutions (5.15), (5.17)
and (5.9) one can find from equations (5.6)—(5.8) that y(x) has four arbitrary constants for
1 < k < 4. We have found that equation (5.10) passes the Painlevé test.

5.2. Test for equation (3.28).

Now consider the application of the Painlevé test to equation (3.28). We will use this equation
in the form

3 2 21 2 2.2 9 4 552 3
Y Vixxx — 4Y Ve Yuxx + 7yyxyxx — 3y Yix — ny - 2le+2—y2 Y Yxx

552 1
+2y2<05x + F)yﬁ — Z(xyxy:'; + \)ys + 'uy?’ — 20[82xy2 — 584 = 0 (518)
y

Substituting (5.2) into leading members of equation (5.18) we get five families of solutions
with values (p, yo) = (—=4,72/v), (p, yo) = (1, 8), (p, yo) = (1, =6), (p, yo) = (1, 8/3) and
(P, yo) = (1, =8/3).

Substitution of (5.3) into leading members of equation (5.18) gives the equation, which
corresponds to the first family of solution, in the form

j4 =63 —13j2+66j+72=0. (5.19)

The Fuchs indices for the first family of solutions are found from equation (5.19). They
take the form j; = —1, j, = =3, j3 =4, and j; = 6.

For the second and third families of solution we have, after substitution of (5.3) into
leading members of equation (5.18), the following equation:

j*—63+7/2+6j —8=0. (5.20)

Solutions of equation (5.20) take the form j; = —1, j, =1, jz =2, js = 4.

Substitution of (5.3) into the leading members of equation (5.18) for the fourth and fifth
families of solutions leads to equation (5.19). Therefore, the Fuchs indices coincide in this
case with the Fuchs indices of the first family of solutions.

Solution y© for the first family can be written in the form

Yoo 2 Hew da’xo (x — x0) + ag(x — xo)*
v(x —x0)*  Sv(x —x9)? S5v
+ <£aa4 _ 32“3x§>(x —x) e (5.21)
15 375v

One can see from (5.21) that we have only three arbitrary constants. However, using the
solution in the form (5.15), we find four arbitrary constants in y(x) after solving equations
such as (5.6)—(5.8) at k < 4.
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The solution y@ for the second and third families of solutions can be presented in the
form
0 _ 2 3
Y =48 — x0) +b1(x — x0)” + b2(x — x0)
abixo p | Sbhiby _ad 4 5
+ +—-+—F — — +bsy(x — +- 5.22
( > 2 5 T2 (x —x0)" + ba(x — x9) (5.22)
We can see from solution (5.22) that there are four arbitrary constants xg, by, b, and by
in v©
in y®.
We obtain y© for the fourth and fifth families of solutions in the form

2 ) 1
O:;" (x =3 £ = (aa + %)(x — x0)* + wi(x — 1)’

N <82v Satxy  axou

1)
yO = ig(x —Xp) +

4327270 ' 1080
We have three arbitrary constants xp, ws and wg in solution (5.23). However, using
perturbations for y(x) in the form (5.15), we find four arbitrary constants for the fourth and
five families of solutions.
Taking into account all three steps for every family of solutions of equation (5.18) we
make the conclusion that equation (5.18) passes the Painlevé test.

)(x —x0)® +we(x —x0) +---. (5.23)

5.3. Test for equation (4.6).

Let us examine equation (4.6) in the Painlevé test. We take this equation in the form
Y Vurrr #2200 = 3Ye + 35T = 55 v = 357 ¥E = 29 Ve
+20x (7 = Yy +3h) = 3077y = 2ayy = 8257 + 4y’ = 0. (5.24)
Substituting (5.2) into the leading members of equation (5.24) we find four families
of solutions with values (p, yo) = (—1,1),(p,y) = (—1,=1),(p,y) = (—1,2) and

(p,y0) = (—1,—-2). The equation for the Fuchs indices of the first and second families
of solutions takes the form

j4 -8+ 14> +8j —15=0. (5.25)
This equation has solutions j; = —1, j, =1, j3 =3 and j; = 5.
The equation for the Fuchs indices corresponding to the third and fourth families of
solutions can be presented in the form

j4—8j%—j2+68j+60=0. (5.26)
This equation has solutions j; = —1, j, = =2, jsy =5 and js = 6.
Solutions y© for the first and second families of solutions take the form

2 200 daxou duu
O _ 4 4+ B _ Ry n ol1 13
y o + Uy ( 5 u1>(x Xx0) + Uz(x — x0)° + <—15 15 3
X Bt | 2B%ui _ Tuj 3,5 4
+=Fx— 4 — — X0)° - 5.27
TR 5 3 (x —x0)” +u’(x — x0)" + (5.27)

From equation (5.27) one can see that y©@ has four arbitrary constants xg, u1, u3 and us.
Solutions y® corresponding to the third and fourth families of solutions can be written
in the form

axg 2
% =) — 2 —
o 18(x Xo) 20 (x — x0)
4 2
+ <£Ts - 3X_o - %)(x —x0)? +us(r —x0) F v —x0) 4o (5.28)

yO — 4
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From solution (5.28) one can see that y© has three arbitrary constants xy, vs and vs.
However, taking this solution and perturbative solution (5.15) into account, we find by solving
similar equations (5.6)—(5.8) that y(x) has four arbitrary constants. We have obtained for
equation (5.24) that all three necessary conditions for the Painlevé test are satisfied.

5.4. Test for the system of equations (4.27) and (4.28)

Let us investigate the system of equations (4.27) and (4.28) in the Painlevé test.

Substituting formula (5.2) for y and u# (we change yo — up and p — ¢) into
leading members of the system of equations (4.27) and (4.28) (where we use § — 582 /2)
we find four families of pairs of solutions with values (p,yo) = (—1,1),(g,u0) =
(=2,1/2); (p. yo) = (=1, =1), (g, u0) = (=2,1/2); (p, yo) = (1,v/d), (g, uo) = (1,6);
and (p, yo) = (1, —v/é), (g, ug) = (1, =6).

Assuming

y = yox? +y;xP*, u = uox? +u;xi’ (5.29)
in the system of equations (4.27) and (4.28) (where we change § — /2 for convenience of

calculations) and equating linear expressions with respect to y; and u ; we have the following
system of equations for the first and second pair of families of solutions:

YR =D tujéd—4j-2j=0 (5.30)
6y; £u;(3j —2— j*) =0. (5.31)
The solutions of equations (5.30) and (5.31) at y; # 0 and u; # O take the form
j1 :—l,jZ:—Z,j3:3andj4:4.
Substituting (5.29) into leading members of the system of equations for the third and
fourth pair of families of solutions we find the multiple Fuchs indices j; , = —1, jz4 = 1.

Solutions y© and u© for the first and second pair of families of equations can be written
in the form

y©O =+ + %axo + zot + loezx2 F i,u (x — x0)
x—xp 3 3 9 0T 12
+az(x — xo)> +as(x —x0)* +- - (5.32)
1 2,2

+ + —
2(x —x0)2 = 3(x — xo) 18 6 24

3.3 2
4
< a’xg Xy axXpM 33)( 2

27 9 36
N L T CC S PR S
162 27 228 108 3 18

(5.33)

The solutions (5.32) and (5.33) have three arbitrary constants xy, a3 and a4. However,
application of these solutions in the perturbative method leads to the four arbitrary constants.

Solutions y@ and u'® for the third and fourth families of solutions can be presented in
the form

y O =£8(x — x0) + pr(x — x0)* £ T +28a’x§)(x — x0)’ + - - (5.34)
_ 1 2 2.2
u® = iw +aj(x —xp) £ 5(% +4adxg + vo; xO)(x —x) 4. (5.35)

We have two arbitrary constants in every solution (5.34) and (5.35). However, considering
the next step in the perturbative method we obtain four arbitrary constants for y(x) and u(x).
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Therefore, the system of equations (4.27) and (4.28) passes the Painlevé test as other equations
studied in this section.

6. Conclusion

In this paper we have used the compatibility condition for five of six Painlevé equations to
find several new fourth-order ODEs that are analogies of the Painlevé equations. Most of
the fourth-order ODEs found are new. The Cauchy problems for these equations can be
solved by the inverse monodromy transform and we have given the isomonodromic linear
problems for several fourth-order analogies. Special solutions of new ODEs were discussed.
As a rule, the special solutions can be found using solutions of the usual Painlevé equations.
Consequently, we hope the above-mentioned equations have general solutions in the form of
new transcendental functions with respect to constants of integration.

Three new fourth-order ODEs (3.14), (3.28), (4.6) and the system of equa-
tions (4.27), (4.28) were studied in the Painlevé test. As expected these equations passed
the Painlevé test. The Cauchy problems for these equations can be solved by the inverse
monodromy transform taking into account the above-mentioned Lax pairs.

We call the equations presented analogies to the Painlevé equations taking into account
that these new ODE:s are obtained as the compatibility conditions of the isomonodromic linear
problem of the Painlevé equations. We have also considered two types of potentials as it was
done in the case of the Painlevé equations. However, we do not think that our fourth-order
ODEs are similar to the Painlevé equations. Much more than that the equations found have
special solutions of some Painlevé equations and we think that some fourth-order ODEs can
be generalizations of the Painlevé equations. We hope this statement can be proved by means
of formula (3.1). One can see that assuming ag(x) = 0 and a>(x) # 0 in this formula, we can
have one of the Painlevé equations but in the case of ap(x) # 0 and a,(x) = 0 we have to
obtain another Painlevé equation. Therefore, we think that the fourth-order ODEs found are
generalizations of the Painlevé equations.

Acknowledgments

This work was supported by the International Science and Technology Center under the project
1339-2. This material is partially based upon work supported by the Russian Foundation for
Basic Research under grants 00-01-81071 Bel2000a and 01-01-00693.

References

[1] Conte R 1999 The Painleve Property, One Century Later (CRM Series in Mathematical Physics) ed R Conte
(Berlin: Springer)
[2] Ablowitz M J and Segur H 1977 Phys. Rev. Lett. 33 1103
[3] Ablowitz M J, Ramani A and Segur H 1978 Lett. Nuovo Cimento 23 333
[4] Ablowitz M J, Ramani A and Segur H 1980 J. Math. Phys. 21 715 1006
[5] AblowitzM Jand Clarkson P A 1991 Solitons, Nonlinear Evolution Equation and Inverse Scattering (Cambridge:
Cambridge University Press)
[6] Airault H 1979 Stud. Appl. Math. 61 31
[7]1 Kudryashov N A 1997 Phys. Lett. A 224 353
[8] Kudryashov N A 1999 Phys. Lett. A 252 173
[9] Hone AN W 1998 Physica D 118 1
[10] Gordoa P R and Pickering A 1999 J. Math. Phys. 40 5749
[11] Garnier R 1912 These, Paris, Ann. Ecole. Norm. 29 1-126
[12] Flachka H and Newell A C 1980 Commun. Math. Phys. 76 65



4632 N A Kudryashov

[13] Jimbo M, Miwa T and Ueno K 1981 Physica D 2 306

[14] Conte R and Musette M 2000 Chaos Solitons Fractals 11 41-52

[15] Adler V E, Shabat A B and Yamilov R I 2000 Theor. Math. Phys. 125 6 (in Russian)

[16] Kudryashov N A 2002 J. Phys. A: Math. Gen. 35 93

[17] Kudryashov N A and Soukharev M B 1998 Phys. Lett. A 237 206

[18] Gromak V I 1999 Diff. Eq. 35 38 (in Russian)

[19] Gordoa P R 2001 Phys. Lett. A 287 365

[20] Kudryashov N A 1998 J. Phys. A: Math. Gen. 31 L 129

[21] Kudryashov N A 1999 J. Phys. A: Math. Gen. 32 999

[22] Cosgrove C M 2000 Stud. Appl. Math. 104 1

[23] Hone A N W 2001 J. Phys. A: Math. Gen. 34 2235

[24] Conte R, Fordy A P and Pickering A 1993 Physica D 6933

[25] Gromak V I and Lukashevich N A 1990 Analitical Properties of The Painlevé Equations Minsk, Universitezkoe,
(in Russian)



