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Abstract

The double Backlund Transformations for solutions of the K hierarchy are given. On the one hand these transforma-¨ II

tions are found via invariants under Miura transformations for two solutions of the K hierarchy. On the other hand theII

double Backlund transformations are obtained from the special integrals of this hierarchy taking into account the Painleve¨ ´
truncation approach. Transformations are applied to look for the rational solutions of the K hierarchy. q 2000 PublishedII

by Elsevier Science B.V.
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1. Introduction

More than one century ago Painleve and his´
school began an investigation of the second-order

Ž .ordinary differential equation ODE class. They had
two related objectives: to classify the second-order
differential equations of a certain form on the basis
of their possible solutions singularities, and to iden-
tify second-order differential equations defined new
functions. As a matter of fact the problem to find

Žnew functions defined as only by solutions of non-
.linear ODEs was formulated by L. Fuchs and A.

Poincare in 1884. Painleve and his collaborators´ ´
showed that out of all possible equations of a certain
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form there are 50 types whose solutions have no
movable critical points. This property now called the
ODEs Painleve property.´

Furthermore they found that among these 50
equations, 44 are solvable in terms of previously

Žknown functions such as elliptic functions and solu-
.tions of linear equations or are reducible to one of

six new nonlinear ODEs. They also showed that
there are exactly six second-order ordinary differen-
tial equations that define new functions. At the pre-
sent time these functions are called Painleve tran-´
scendents and equations with general solutions in the
form of transcendents are called Painleve equations.´
These six Painleve equations were first discovered´
from strictly mathematical consideration but they
have recently appeared in several physical applica-

w xtions 1 .
Current interest in the Painleve equations stemmed´

from the observations made by Ablowitz and Segur
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w x w x2 and Ablowitz et al. 3,4 that reductions of partial
differential equations of the soliton type give rise to
ODEs whose movable singularities are only poles.

In outgoing century a number of scientists have
extended Painleve’s first objective and gave a partial´
classification of the third and fourth-order ordinary
differential equations. Painleve and his collaborators´
results also led to the problem of finding other new
functions could be defined by nonlinear ODEs simi-
lar to Painleve equations.´

The further attempt to solve the problem formu-
w xlated by Poincare and Fuchs were undertaken in 5´

where the P and P hierarchies were presented.I II

These hierarchies take the form

z
nq1 w xL y s ns1, 2, . . . 1.1Ž . Ž .

2

and

d
1n 2qy L y y y yzyya s0 1.2Ž .z n2ž /dz

where operator Ln is determined by the Lenard
w xrelation using following formulas 6 :

d
1nq1 n n n 0w xL sL q4 yL q2 y L , L y s ,z z z z z 2dz

1w xL y sy 1.3Ž .
Ž .Actually the P hierarchy 1.2 were consideredII

w xearly in 7–10 .
Ž . Ž .Eqs. 1.1 and 1.2 give the first and second

Painleve equations at ns1 but we obtain two´
fourth-order ordinary differential equations at ns2.
These equations have a number of remarkable prop-
erties like Painleve equations. Firstly they pass the´

w xPainleve test 11 . Each of them can be written as the´
compatibility condition of a corresponding linear

Ž .system. This system allows to solve Eqs. 1.1 and
Ž .1.2 using the inverse monodromy transform method
w x Ž .11 . Eq. 1.2 has the Backlund transformations,¨

w xrational solutions and special integrals 7–12 . Solu-
Ž . Ž .tions of Eqs. 1.1 and 1.2 at ns2 were proved to

be essentially transcendental functions with respect
w xto constants of integration 13,14 .

Recently two other hierarchies were suggested
w x15

w xH y sz , ns1, 2, . . . 1.4Ž . Ž .n

and

d
1 2qy H y y y yzyyb s0 1.5Ž .n z n2ž /dz

where the operator H is determined by the follow-n
w xing form 16–18 :

w x w x w xH sJ y u y H , H y s1,nq2 1 1 n 0

w x 2H y sy q4 y 1.6Ž .1 z z

J sD3 q3 yDqDy q2 D2 yDy1 qDy1 yD2Ž . Ž .1

q8 y2Dy1 qDy1 y2 ,Ž .
d

y1Ds , D s dz , 1.7Ž .H
dz

u sD3 q2 yDqy 1.8Ž .1 z

Ž . Ž .Hierarchies 1.4 and 1.5 were obtained as the
similarity reductions from Schwarzian Kaup–
Kuperschmidt and modified Kaup–Kuperschmidt hi-
erarchies. It can be shown that the similarity reduc-
tions of the Schwarzian Caudrey–Dodd–Gibbon and
modified Caudrey–Dodd–Gibbon hierarchies also

Ž . Ž .give hierarchies 1.4 and 1.5 .
Taking into account recent 150th anniversary of

Sophie Kowalevski and Martin David Kruskal’s 75th
Ž . Ž .birth-year let us call hierarchies 1.4 and 1.5 the

K and K hierarchies.I II
Ž .Eq. 1.4 at ns1 leads to the first Painlevé

Ž .equation but Eq. 1.5 gives the fourth-order ordinary
Ž . Ž .differential equation. Eq. 1.4 at ns2 and 1.5 at

ns1 are shown to be fourth-order ordinary differen-
tial equations that pass the Painleve test and have´
general solutions in the form of transcendental func-

w xtions with respect to constant of integration 14 .
The aim of this Letter is to present some proper-

Ž .ties of hierarchy 1.5 .
The outline of this Letter is as follows. The

double Backlund transformations for the solutions of¨
the K hierarchy are found in Section 2. The appli-II

cation of the Painleve truncation approach to the K´ II

hierarchy is given in Section 3 where we get singular
manifold equations and special integrals for the K II

hierarchy. At the same time we obtain the double
Backlund transformations from the special integrals.¨
Section 4 is devoted to rational solutions of the K II

hierarchy. They are found taking into account the
double Backlund transformations.¨
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2. Double Backlund transformations for solutions¨
of the K hierarchyII

Let us consider the K hierarchyII

d
1 2qy H y y y yzyyb s0n z n2ž /dz

ns1, 2, . . . 2.1Ž . Ž .
We want to look for the Backlund transformations¨

Ž .of Eq. 2.1 . The following theorem can be formu-
lated.

Theorem 1. Let y z,b and y z,2yb be solu-( ) ( )n n
( )tions of Eq. 2.1 ; then there is an inÕariant

b 2ybn n
I sy z , b y sy z , 2yb yŽ . Ž .1 n nP P

2.2Ž .

where

1 2PsH y y y yz 2.3Ž .n z 2

Ž .Proof. Hierarchy 2.1 can be written as the set of
equations

1 2H y y y yzsP 2.4Ž .n z 2

P qyPsb y1 2.5Ž .z n

Ž . Ž .Note that substitution Eq. 2.4 into Eq. 2.5
Ž .gives Eq. 2.1 .

Ž .We have from Eq. 2.5 .

b y1 Pn z
ys y 2.6Ž .

P P

Ž . Ž .Substitution 2.6 into Eq. 2.4 leads to the equa-
tion

22P P b y1Ž .z z z n
H y y szqP 2.7Ž .n 2 2P2 P 2 P

Ž . Ž .The set of Eqs. 2.4 and 2.5 can be considered
Ž .as the Backlund transformation between Eqs. 2.1¨

Ž . Ž .and 2.7 . Solution P z ,g of Eq. 2.7 depends onŽ .n

g s b y1 2 but there are two solutions y z ,bŽ . Ž .n n n
Ž .and y z , 2yb of Eq. 2.1 to obtain P z ,g .Ž . Ž .n n

Ž . Ž .This fact shows how to get Eq. 2.2 from Eq. 2.6 .

Ž .From Eq. 2.2 we have the Backlund transforma-¨
Ž .tion for solutions of Eq. 2.1 in the form

2b y2n
y z , 2yb sy z ,b qŽ . Ž .n n 1 2zyH y y yn z 2

2.8Ž .
Ž .Let us note the transformation 2.8 can be written

for any operator
1 2B y y yn z 2

because we did not use the definition of the operator
Ž .H given by formulas 1.6 . However the transforma-n

Ž .tion 2.8 allows to find the only one solution corre-
Ž .sponding to any one known solution of Eq. 2.1 .

Ž .The reason of this fact is that the Eq. 2.1 is not
solvable in general case.

Now it needs to prove another theorem.

Theorem 2. Let n z,b and n z,y1yb be( ) ( )n n
( )solutions of Eq. 2.1 ; then there is an inÕariant in

the form

b 1qbn n
I sÕ z , b y sÕ z ,y1yb qŽ . Ž .2 n nQ Q

2.9Ž .

where

2QsG y2Õ y2Õ yz 2.10Ž .n z

and the operator G is determined by formulasn

w x w xG sJ v u v G , G s1,nq2 2 1 n 0

1 2w xG v sv q v 2.11Ž .1 z z 4

1 13 2 y1 y1 2J sD q D v D q D v D2 2 2

1 2 y1 y1 2q v D qD v ,Ž .8

d
y1Ds , D s dz 2.12Ž .H

dz

Ž .Proof. Let us note the hierarchy 2.1 also can be
written in the form

d
2y2Õ G y2Õ y2Õ q2 zÕq2b s0n z nž /dz

ns1, 2, . . . 2.13Ž . Ž .
Ž .where Õ is solution of Eq. 2.1 as well.
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Ž .One can write Eq. 2.13 in the form of the
following set of equations:

2G y2Õ y2Õ yzsQ 2.14Ž .n z

d
y2Õ Qq2b q1s0 2.15Ž .nž /dz

Ž .We get from Eq. 2.15

Q 2b q1z n
Õs q 2.16Ž .

Q 2Q

Ž . Ž .Substitution 2.16 into Eq. 2.14 leads to the
following equation:

22Q Q 2b q1Ž .z z z n
G y y szqQ 2.17Ž .n 2 22Q2Q 2Q

Ž .From Eq. 2.17 we can see there is the solution
Q z , d where d s 2b q1 2. This solution cor-Ž . Ž .n n n

responds to Õ z , b and Õ z , y1yb . This factŽ . Ž .n n
Ž .leads to Eq. 2.9 .

Ž . Ž .Substitution 2.10 into Eq. 2.9 gives the
Ž .Backlund transformation for solutions of Eq. 2.1 in¨

the form

1q2bn
Õ z ,y1yb sÕ z , b qŽ . Ž .n n 2zyG y2Õ y2Õn z

2.18Ž .

( ) ( )Definition 1. Let transformations 2.8 and 2.18 be
called the double Backlund transformations for the¨

( )solutions of Eq. 2.1 .

Ž . Ž .At ns1 transformations 2.8 and 2.18 were
w xobtained in 19 , but at n G2 they were not found

previously.
Ž . Ž .Transformations 2.8 and 2.18 allow to find the

Ž .rational and the special solutions of Eq. 2.1 . At the
Ž .beginning we take the trivial solution of Eq. 2.1 .

Then we find solution taking into account transfor-
Ž . Ž .mations 2.8 and 2.18 . After that we use these

Ž . Ž .solutions in formulas 2.18 and 2.8 to obtain new
solutions. This algorithm may be further continued.
One can find a lot of solutions using this way. The
existence of infinite number the rational or the spe-
cial solutions for equation studied is known as a
criterion of the equation integrability. The solutions

Ž .of Eq. 2.1 can be obtained using the double

Backlund transformations. They are consequences of¨
two discrete symmetries of original equation. As a
result ODEs will be solvable if they admit the double
Backlund transformations.¨

3. Application of the Painleve truncation ap-´
proach to the K hierarchyII

Let us show there is a connection between the
double Backlund transformations and the Painleve¨ ´

w xtruncation approach 20,21 .
The application of this approach is known to

obtain the Backlund transformations, the Lax pairs,¨
the Darboux transformations and other character-
istics of nonlinear partial differential equations
w x w x6,20–27 . It was shown 12,28 how to use this
approach to find the Backlund transformations for¨
ODEs. Authors suggested the algorithm to find the
Backlund transformations of the P hierarchy, third¨ II

and fourth Painleve equations.´
Later we are going to demonstrate the application

of the Painleve truncation approach to obtain the´
double Backlund transformations for the solutions of¨
the K hierarchy.II

Taking into account the Painleve truncation ap-´
Ž .proach we can find that solutions of Eq. 2.1 can be

presented in the form of two truncated approach

2w wz z z
ysy q 3.1Ž .

w wz

and

C Cz z z
Õs y 3.2Ž .

C 2Cz

Without loss of generality let us use transforma-
tions

wz z
ys 3.3Ž .

wz

and

Cz z
Õsy 3.4Ž .

2Cz

Ž .because transformations w™y1rw in 3.3 and
Ž . Ž . Ž .C™y1rC in 3.4 lead to Eqs. 3.1 and 3.2

w x12 .
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Ž . Ž .Assuming 3.3 in Eq. 2.1 we obtain relations in
the form

d
1 2E s qy H y y y yzyybn n z n2ž /dz

d w
1 2s qy H y y y yzy b y1Ž .n z n2ž / ž /dz wz

d w
1 � 4s qy H w ; z yzy b y1Ž .n n2ž / ž /dz wz

3.5Ž .

� 4where w ; z is the Schwarzian derivative

w w 2
z z z z z3� 4w ; z s y 3.6Ž .2 2w wz z

Ž .Eq. 3.5 were obtained taking into account the
identity

1 12 � 4y y y s w ; z 3.7Ž .z 2 2

Ž .From Eq. 3.5 we have

w
1 � 4H w ; z yzy b y1 s0 3.8Ž . Ž .n n2

wz

This one is the singular manifold equation corre-
Ž .sponding to Eq. 2.1 .

Ž .On the other hand we know Eq. 2.1 can be
Ž .presented in the form 2.13 .

Ž . Ž .Assuming 3.4 in Eq. 2.13 we obtain relations

d
1 2 ˜E sy y2Õ G y2Õ y2Õ yzÕybn n z n2 ž /dz

d
1 2sy y2Õ G y2Õ y2Õn z2 ž / ždz

C d
1˜yzq 2b q1 sy y2ÕŽ .n 2 ž //C dzz

=
C

˜� 4G C ; z yzq 2b q1 3.9Ž .Ž .n nž /Cz

Ž .We found Eq. 3.9 taking into account the iden-
tity

� 4 2C ; z sy2Õ y2Õ 3.10Ž .z

Equation

C
˜� 4G C ; z yzq 2b q1 s0 3.11Ž .Ž .n n

Cz

is the second singular manifold equation correspond-
Ž .ing to Eq. 2.1 .

Ž . Ž .Now let us consider Eqs. 3.8 and 3.11 . It was
w x Ž .shown 15 solutions of Eq. 3.11 can be found at

Ž .known solutions w z ,b of Eq. 3.8 by the itera-Ž .n
w xtive formula 6

w 4

C s 3.12Ž .z 2wz

where CsC z ,2yb .Ž .n
Ž .Let us note that Eq. 3.12 can be obtained from

the equality

C 2w wz z z z z
s y 3.13Ž .

2C w wz z

Ž .after integration 3.13 over z.
Ž . Ž .Taking into account Eqs. 3.3 and 3.4 we have

Ž .from Eq. 3.13
wz 1s y z ,b yy z ,2yb 3.14Ž . Ž . Ž .n n2
w

Ž . Ž . Ž .Substitutions 3.7 and 3.14 into 3.8 lead to the
following equation:

1Ž .1 2I sH y y yn n z 2

2b y2n
yzy s0 3.15Ž .

y z ,b yy z ,2ybŽ . Ž .n n

We need to formulate the following lemma:

Lemma 1. Let y z, b and y z, 2yb be solu-( ) ( )n n
( )tions of hierarchy 2.1 ; then there is the equality

1 2y z ,b y y z ,bŽ . Ž .z n n2

1 2sy z ,2yb y y z ,2yb 3.16Ž . Ž . Ž .z n n2

Ž .Proof. Replace b ™2yb in 3.15 . We getn n

1 2H y z ,2yb y y z ,2ybŽ . Ž .n z n n2

2y2bn
szq 3.17Ž .

y z ,2yb yy z ,bŽ . Ž .n n
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Ž . Ž .Using 3.15 and 3.17 we have the equality
Ž .3.16 .

Now we can prove the following theorem:

( )1Theorem 3. Let I be the equation defined byn
( )1( )formula 3.15 ; then I is the special integral ofn

( )hierarchy 2.1 .

Ž .Proof. Eq. 3.15 can be considered as the special
Ž .integral of Eq. 2.1 . To check this statement we

have

d 2 b y1Ž .nŽ .1qy I sn 2ž /dz y z ,b yy z ,2ybŽ . Ž .Ž .n n

1 2y z ,b y y z ,b yy z ,2ybŽ . Ž . Ž .Ž z n n z n2

1 2q y z ,2yb s0 3.18Ž . Ž ..n2

Ž .It is easy to obtain the transformation 2.8 from
Ž . Ž .Eq. 3.15 . Therefore the singular manifold Eq. 3.8

leads to the one of the double Backlund transforma-¨
tions.

Ž .However solutions of Eq. 3.8 can be obtained at
Ž . w xknown solutions of Eq. 3.11 by formula 6,15

C
w s 3.19Ž .z 1r2Cz

˜ ˜where CsC z ,b and wsw z ,y1yb .Ž . Ž .n n
Ž .Let us note that Eq. 3.19 can be found from

equality

w C Cz z z z z
s y 3.20Ž .

w C 2Cz z

Ž .after integration 3.20 over z.
Ž . Ž . Ž .Using 3.3 and 3.4 we obtain from Eq. 3.20

Cz ˜ ˜sÕ z ,y1yb yÕ z ,b 3.21Ž .Ž . Ž .n n
C

Ž . Ž . Ž .Substitutions 3.10 and 3.21 into 3.11 give the
following equation:

Ž .2 2I sG y2Õ y2Õn n z

˜2b q1n
yzy s0

˜ ˜Õ z ,b yÕ z ,y1ybŽ . Ž .n n

3.22Ž .

We need to prove the following lemma:

˜ ˜Lemma 2. Let Õ z,b and Õ z,y1yb be( ) ( )n n
( )solutions of the hierarchy 2.1 ; then there is the

equality

˜ 2 ˜ ˜n z ,b qÕ z ,b sÕ z ,y1ybŽ . Ž . Ž .z n n z n

2 ˜qÕ z ,y1yb 3.23Ž .Ž .n

˜ ˜ Ž .Proof. Replace b ™y1yb in 3.22 . We haven n

2˜ ˜G y2n z ,y1yb y2Õ z ,y1ybŽ . Ž .n z n n

˜2b q1n
szq s0 3.24Ž .˜ ˜Õ z ,b yÕ z ,y1ybŽ . Ž .n n

Ž . Ž .Taking into account formulas 3.22 and 3.24
Ž .we find the equality 3.23 .

Now the following theorem can be proved:

( )2Theorem 4. Let I be the equation defined byn
( )2( )formula 3.22 ; then I is the special integral ofn

( )hierarchy 2.1 .

Ž .Proof. Eq. 3.22 also can be considered as the
Ž .special integral of Eq. 2.1 . Let us prove this state-

ment using direct calculations. We have the equality

˜d 2b q1nŽ .2y2n I sn 2ž /dz ˜ ˜Õ z ,b yÕ z ,y1ybŽ . Ž .ž /n n

2˜ ˜ ˜n z ,b qÕ z ,b yn z ,y1ybŽ . Ž . Ž .z n n z n

2 ˜yÕ z ,y1yb s0 3.25Ž .Ž .n

Ž .taking into account Eq. 3.23 .
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Ž .We obtained that singular manifold Eq. 3.8 and
Ž .3.11 are transformed to the special integrals of Eq.
Ž . Ž .2.1 . The double Backlund transformations 2.8¨

Ž . Ž .and 2.18 are found from the special integrals 3.15
Ž .and 3.22 .

4. Rational solutions of the K hierarchyII

Ž .Several rational solutions of Eq. 2.1 at ns1
w x w xwere obtained in 15,19 . To find them in 15 solu-

Ž .tions of the singular manifold Eqs. 3.8 and
Ž .3.11 were used. However we needed to integrate
several expressions using this approach. And because
of this integration a lot of rational solutions can not
be found.

Ž . Ž .Formulas 2.8 and 2.18 eliminate this draw-
back.

Let us demonstrate the application of the double
Backlund transformation to find rational solutions of¨

Ž . Ž .Eq. 2.1 at ns1. In this case we have Eq. 2.1 in
w xthe form 15,19

y q5y y y5yy2 y5y2 y qy5 yzyyb s0z z z z z z z z z z 1

4.1Ž .
The double Backlund transformations for solu-¨

Ž .tions of Eq. 4.1 take the following form
y z ,2ybŽ .1

sy z ,bŽ .1

2b y21
q 4.2Ž .2 2 4zyy qyy y3 y q4 y y yyz z z z z z z

and

Õ z ,y1ybŽ .1

sÕ z ,bŽ .1

2b q11
q 2 2 4zq2Õ q4ÕÕ q3Õ y2Õ Õ yÕz z z z z z z

4.3Ž .

Ž .Let us take the trivial solution of Eq. 4.1
Ž .y z ,0 sÕ z ,0 s0 at b s0. By formulas 4.2Ž . Ž . 1

Ž .and 4.3 we have

1 2
Õ z ,y1 s , y z ,2 sy 4.4Ž . Ž . Ž .

z z

Ž .Taking into account solutions 4.4 we obtain

3 3 z 5 y24Ž .
y z ,3 sy , Õ z ,y3 s 4.5Ž . Ž . Ž .5z z z q36Ž .

Ž . Ž .from transformations 4.2 and 4.3 .
Ž .Using rational solutions 4.5 we obtain

4 5z 4 z 5 q216Ž .
Õ z ,y4 s , y z ,5 syŽ . Ž . 10 5z z y108 z y5184

4.6Ž .

and

6 z 5 q336Ž .
y z ,6 sy ,Ž . 5z z y504Ž .

6 z 20 y576 z15 y912384 z10 y459841536 z 5 y3153199104Ž .
Õ z ,y6 s 4.7Ž . Ž .5 15 10 5z z y144 z y1152 z q1824768 z q131383296Ž . Ž .

Ž .Now let us find the rational solutions of Eq. 2.1
Ž .at ns2. In this case from Eq. 2.1 we have the

following equation

y q7y y y28 y2 y y21 yy2 q14 y yz z z z z z z z z z z z z z z z z z z z z

282 3 4 2 3y7y y y yy q14 y y q28 y yz z z z z z z z3

42 7y28 yy y y14 y y y y y yzyyb s0z z z z z z z 23

4.8Ž .

Ž .Rational solutions of Eq. 4.8 can be found using
Ž . Ž .formulas 2.8 and 2.18 at ns2 if we assume

y z ,0 sÕ z ,0 s0 at b s0.Ž . Ž . 2
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We find

1 2 3 3 4 z7 q1296Ž .
Õ z ,y1 s , Õ z ,2 sy , Õ z ,3 sy , Õ z ,y3 s , Õ z ,y4 s ,Ž . Ž . Ž . Ž . Ž . 7z z z z z z y1728Ž .

5 6 z14 y9504 z7 q1244160 6Ž .
Õ z ,5 sy , y z ,6 sy , Õ z ,y6 s ,Ž . Ž . Ž .14 7z zz z q2592 z y7464960Ž .

7z 6 z 21 q12960 z14 q2199360000 z7 y15721205760000Ž .
Õ z ,y7 s ,Ž . 28 21 14 7z q47520 z y2239488000 z y7860602880000 z q11319268147200000

8 z7 y71280Ž .
y z ,8 sy 4.9Ž . Ž .7z z q95040Ž .

Ž . Ž .The rational solutions 4.4 – 4.7 were obtained in
w x Ž .15,19 . Solutions 4.9 are found in the frame of this

Ž .work. The special solutions of Eq. 2.1 also can be
Ž . Ž .found using formulas 2.8 and 2.18 .

5. Conclusion

The double Backlund transformations for the solu-¨
tions of the K hierarchy were found using twoII

approaches. One of them is the application of dis-
crete symmetry for two solutions of the K hierar-II

chy. Another method was based on the application of
the Painleve truncation approach to the ordinary´
differential equations. Simultaneously the special in-
tegrals for the K hierarchy were obtained. As aII

consequence of these special integrals the double
Backlund transformations were obtained. Taking into¨
account the double Backlund transformations several¨
rational solutions of the K hierarchy at ns1 andII

ns2 were found
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